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ABSTRACT
Exploring Mathematical Connections Preservice Teachers Make Between Abstract Algebra and
Secondary Mathematics: Implications for Learning and Teaching
by
Cammie Gray
University of New Hampshire, May, 2021
Abstract algebra has been identified as an important course for preservice secondary
mathematics teachers because much of the abstract algebra content is connected to, and thus
relevant for, secondary mathematics teaching (Wasserman et al., 2017). However, many
preservice teachers do not recognize the usefulness of an undergraduate abstract algebra course
and see no relation between abstract algebra and secondary school mathematics (Christy &
Sparks, 2015; Ticknor, 2012). While much of the research regarding preservice teachers making
connections to secondary school mathematics in abstract algebra has been conducted in courses
designed for preservice teachers, the research suggests that most universities with teacher
preparation programs do not offer such a course (Blair et al., 2013; Hoffman, 2017). Research in
this area has the potential to not only impact the teaching and learning of abstract algebra, but
also mathematics teacher preparation.
This multi-stage, exploratory qualitative study investigated what connections abstract
algebra faculty identify as important, how they incorporate those connections into their
instruction, and what activities help preservice teachers make mathematical connections between
abstract algebra and secondary school mathematics. Throughout the study, situated cognition
(Boaler, 2000; Ticknor, 2012; Wasserman et al., 2017) provided a theoretical lens for data
collection and analysis. During Stage One I investigated what was currently happening in
abstract algebra courses required of preservice teachers across the country by distributing a
xvi

Qualtrics survey to abstract algebra faculty at 75 institutions. Using data from Stage One, I
created and implemented instructional tasks situated in a secondary teaching context in a single
section of introductory abstract algebra required of future teachers. During this second stage I
explored what mathematical connections preservice teachers were able to make to secondary
school mathematics while enrolled in abstract algebra through course observations, interviews,
and written responses to the instructional tasks.
The results suggest that the implementation of short instructional tasks that provide
explicit opportunities for students to make connections between abstract algebra and secondary
school mathematics can help preservice teachers understand why abstract algebra is a required
course. In fact, providing these opportunities can help preservice teachers see the concepts of
abstract algebra as valuable tools for their future teaching careers. The results also suggest that if
students have the opportunity to make these mathematical connections there is potential to
positively impact their learning in the abstract algebra course; however, further research is
needed to confirm these findings.

xvii

CHAPTER 1: INTRODUCTION
While the recommendations for secondary mathematics teachers have varied over the
years, reports dating back to the 1960s have specifically recommended that preservice teachers
take advanced mathematics courses (Ferrini-Mundy & Graham, 2003). As Wasserman, FukawaConnelly, Villanueva, Mejia-Ramos, and Weber (2017) point out, “a key rationale of such a
requirement is that much of the content covered in the advanced university mathematics classes
is connected to, and therefore relevant for, the teaching of secondary mathematics” (p. 559-560).
Specifically, professional organizations and educational committees have recommended that
prospective secondary mathematics teachers study the algebraic structures that form the
foundation of our number systems and this has led to the majority of mathematics teacher
certification programs in the US requiring at least one course in abstract algebra (Cofer, 2015;
Conference Board of the Mathematical Sciences (CBMS), 2001, 2012; Findell, 2001; National
Council of Teachers of Mathematics (NCTM), 2000; Suominen, 2015; Wasserman, 2016).
However, despite what experts might say are clear mathematical connections between abstract
algebra and secondary mathematics, many preservice teachers do not see the relevance of an
undergraduate abstract algebra course and in fact, most of them see no relation between the
course and the mathematics they will someday teach (Christy & Sparks, 2015; Kerr & Lester,
1982; Ticknor, 2012; Wheeler & Champion, 2013).
The purpose of this exploratory, qualitative study was to investigate what tasks or course
activities help preservice teachers establish connections between abstract algebra and secondary
school mathematics in a general introductory abstract algebra course (i.e. not a course
specifically designed for preservice teachers). I also explored how making these connections
impacted preservice teachers’ learning and perceived relevance of the abstract algebra course.
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Additionally, I investigated which connections abstract algebra faculty perceived as important
for students, particularly preservice teachers to make, and how they incorporated these
connections into instruction to gain an understanding of what was currently happening in
introductory abstract algebra courses.
In the following sections of this chapter, I briefly describe the historical context of
teacher preparation programs and recommendations from influential reports, present literature
that recommends that more research be conducted, and explain how my personal experience led
to my interest in researching how to help preservice teachers see the relevance of this essential
course. After discussing these three main sources of motivation for this study, I present my
research questions.
Historical Context of Teacher Preparation Programs and Recommendations
Teacher preparation programs in the United States have been around since the early
1800s (Graham, Li, & Buck, 2000). At first, secondary mathematics teachers were only required
to have a college degree in mathematics and did not receive any preparation that involved
methods of teaching. By the 1950s organizations like the Mathematical Association of America
(MAA) and The National Council of Teachers of Mathematics (NCTM) created lists of
mathematical courses and teaching experiences that they recommended for the preparation of
secondary mathematics teachers. During the 1950s, in response to the space race, there was a
shift in all areas of mathematics education to make sure that America’s brightest students were
studying mathematics and science and to experiment with new teaching methods to improve our
country’s mathematical achievement (Teitelbaum, 2003). This shift involved both
recommendations for teaching at the school level as well as recommendations for preparing
teachers. The recommendations for teacher preparation during this time included a requirement
of more college-level mathematics courses for both elementary and secondary prospective
2

teachers (Graham, Li, & Buck, 2000). This innovative and controversial “new math era” of the
1950s and 1960s was followed by a “quieter” back-to-basics reform with a focus on making sure
students mastered basic skills in mathematics (Fey & Graeber, 2003).
During the 1980s mathematics education shifted once again after international reports
such as the Second International Mathematics Study (SIMS) and the International Assessment of
Educational Progress (IAEP) both indicated US students had weaknesses in several areas
compared to international counterparts (Robitaille & Travers, 1992). The National Council of
Teachers of Mathematics (NCTM) made recommendations for mathematics curriculum in the
mid-1970s that eventually became NCTM’s Agenda for Action (1980). The Agenda for Action
(1980) recommended that school mathematics focus on problem solving, that the basic skills be
defined more broadly, that technology such as calculators and computers be used at every grade
level, and that students be required to take more mathematics (Fey & Graeber, 2003; McLeod,
2003). This meant not only changes in terms of school mathematics, but changes to prepare
teachers to teach this new curriculum. Other reports followed the publication of the Agenda for
Action (1980) in the 1980s. In particular, fifty national studies were published in 1983 including
the report A Nation at Risk (1983). Ferrini-Mundy and Graham (2003) describe the difference
between the nation’s response to the events of the 1950s and the 1980s in the following way:
The Sputnik-era worries had been about adequately educating an elite scientific and
mathematical workforce to keep pace with the scientific advances of the Soviets. In
contrast, the disquiet of the 1980s stemmed from concern about international
competitiveness in commerce and finance and the need for a general workforce
competent to support and advance the nation’s overall economic and technological
progress. (p. 1247)
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This mathematics for all era created a new challenge for mathematics teacher education to
produce teachers that had the necessary skills to teach all students mathematics (Ferrini-Mundy
& Graham, 2003).
During the 1980s there were several recommendations for the preparation of teachers to
meet these new goals of mathematics for all (Ferrini-Mundy & Graham, 2003). The Agenda for
Action (1980) included recommendations that teacher preparation programs make appropriate
changes to emphasize problem solving and make sure that certification standards reflected the
new recommendations to produce teachers that were “qualified, competent, and current in their
field” (Graham, Li, & Buck, 2000, p. 8). In 1981, NCTM published Guidelines for the
Preparation of Teachers of Mathematics that included recommendations that secondary teachers
not only take courses similar to those of an undergraduate major in mathematics including
abstract algebra, but also made recommendations related to pedagogy. Ferrini-Mundy and
Graham (2003) explained:
In general, the 1981 document pushed further the ideas of blurring the boundaries of
mathematics and pedagogy, recognizing the importance of mathematical preparation that
was tied to the school curriculum, and acknowledging that there might be a special kind
of mathematical preparation for secondary school teachers that diverged from the typical
mathematics major. (p. 1251)
The report Tomorrow’s Teachers, published in 1986 by the Holmes group, went further and
recommended that prospective mathematics teachers should major in mathematics and then
enroll in a teacher preparation program for their fifth year (Ferrini-Mundy & Graham, 2003).
The Curriculum and Evaluation Standards for School Mathematics (NCTM, 1989)
presented a vision of mathematics teaching that involved more than just having a background in
mathematics. These standards illustrated a need to think about not only what was taught at the
4

secondary level, but how it was taught when designing teacher preparation programs. The
Curriculum and Evaluation Standards for School Mathematics (NCTM, 1989) were quickly
followed by the publication of the Professional Standards for Teaching Mathematics (NCTM,
1991) with recommendations for teaching. The mathematics education community continued to
see the need to change and improve the preparation of teachers to keep up with the
recommendations for educating precollege students.
The Professional Standards for Teaching Mathematics (NCTM, 1991) was a much more
elaborate document than the previously published Guidelines for the Preparation of Teachers of
Mathematics (NCTM, 1981). These standards involved five main components: (1) standards for
teaching mathematics, (2) standards for the evaluation of teaching of mathematics, (3) standards
for the professional development of teachers of mathematics, (4) standards for the support and
development of mathematics teachers and teaching, and (5) next steps. Note that there is a subtle
difference between the third and fourth set of standards. The purpose of the standards for the
professional development of teachers of mathematics is to express “NCTM’s vision for wellprepared teachers of mathematics from the time prospective teachers of mathematics take their
first courses in collegiate mathematics throughout their career-long development” (NCTM, 1991,
p. 6). In contrast, the purpose of the standards for the support and development of teachers and
teaching is to “spell out the responsibilities of those who make decisions that affect teaching
mathematics” (NCTM, 1991, p. 7) such as policy makers, schools and school systems, colleges
and universities, and professional organizations.
During the same time period, the Mathematical Association of America (MAA)
published the report A Call for Change (1991) that also made recommendations for the
preparation of mathematics teachers. This document was divided into four sections which
outlined standards common to the preparation for ALL mathematics teachers, standards for the
5

teachers at the elementary level (K-4), standards for teachers at the middle grades level (5-8),
and standards for teachers at the secondary level (9-12). For secondary teachers, the report
recommended that teachers have knowledge of both number concepts and properties as well as
mathematical structures and suggested that an abstract algebra course would be appropriate to
develop the ideas described in both of these standards.
By the mid-1990s there was a need to address standards for the content preparation of
mathematics teachers that “would speak more forcefully to mathematicians” (Ferrini-Mundy &
Graham, p. 1271). To fulfill this need, the Conference Board of the Mathematical Sciences
(CBMS) published the report The Mathematical Education of Teachers (MET I) in 2001. The
report described an issue with the preparation of mathematics teachers at the time as:
A vicious cycle in which too many prospective teachers enter college with insufficient
understanding of school mathematics, have little college instruction focused on the
mathematics they will teach, and then enter their classroom inadequately prepared to
teach mathematics to the following generations of students. (CBMS, 2001, p. 5).
The report recommends that prospective teachers need to take advanced mathematics courses
that allow them to develop a deeper understanding of the secondary school mathematics and
claims that abstract algebra is one of those advanced courses that can help accomplish this goal.
In fact, the report states that abstract algebra “should assure that future teachers ‘know why’ the
number systems and algebra operate as they do” (CBMS, 2001, p. 40). A follow-up report, The
Mathematical Education of Teachers II (MET II), was published in 2012 updating
recommendations for teacher preparation in light of the Common Core State Standards (National
Governors Association for Best Practices, & Council of Chief State School Officers (NGA &
CCSSO), 2010). One recommendation from MET II is that “all courses and professional
development experiences for mathematics teachers develop the habits of mind of a mathematical
6

thinker and problem-solver, such as reasoning and explaining, modeling, seeing structure, and
generalizing” (CBMS, 2012, p. 19). Both the recommendations from MET I and II (2001, 2012)
illustrate the importance of a course like abstract algebra for its power to cultivate a deeper
understanding of secondary school mathematics and also to provide experiences about learning
how to “do mathematics” (Wasserman, 2018).
Current Literature and a Call for More Research
As mentioned above, many professional organizations and researchers claim that it is
important for prospective teachers to make connections between advanced mathematics, such as
abstract algebra, and secondary school mathematics because of the perceived relevance for
teaching secondary school mathematics (Christy & Sparks, 2015; CBMS, 2012; Ticknor, 2012;
Suominen, 2015; Wasserman, 2017, 2018; Wasserman et al., 2017). Recently, more research has
been conducted in several areas focused on prospective teachers making mathematical
connections in advanced mathematics courses. For example, Wasserman’s (2018) edited volume
titled Connecting Abstract Algebra to Secondary Mathematics, for Secondary Mathematics
Teachers is one collection of research focused specifically on abstract algebra and secondary
mathematics. Despite the recent interest in this field of study, there are still several unanswered
questions regarding the connections between abstract algebra and secondary school mathematics.
Questions such as what connections are important, what activities or tasks help prospective
teachers establish connections, how making mathematical connections impacts the learning of
prospective teachers in the abstract algebra course, how these mathematical connections inform
instructional practices of prospective teachers, and more (e.g. Christy & Sparks, 2015; Hoffman,
2017; Ticknor, 2012; Suominen, 2015; Wasserman, 2017, 2018). Current literature has addressed
some of these aspects, but many researchers claim further research is needed (Christy & Sparks,
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2015; Cofer, 2015; Murray, Baldinger, Wasserman, Broderick, & White, 2017; Wasserman,
2016).
One question that has been addressed is what connections exist between abstract algebra
and secondary school mathematics. These connections have been identified both in the reports
described in the previous section, MET I and II (2001, 2012), and by individual researchers (e.g.
Suominen, 2015). In her dissertation research, Suominen (2015) compiled an extensive list of
mathematical connections that were explicitly made in commonly used abstract algebra
textbooks and then authenticated that list by interviewing abstract algebra instructors. Álvarez
and White (2018) claim that a list of connections is not sufficient and state that future studies
should examine how to help preservice teachers realize the importance of making mathematical
connections between abstract algebra and secondary school mathematics. They also state a need
for developing tasks for preservice teachers that “emanate from school mathematics and create a
need to understand structure and connections to higher level mathematics” (Álvarez & White,
2018, p. 180). While researchers have suggested that these mathematical connections are
important for students to make, the literature suggests that we need to learn more about which
connections abstract algebra faculty view as most relevant for their students and how they
currently incorporate these connections into their instruction (Álvarez & White, 2018; Suominen,
2015).
Personal Experience
Another source of motivation for this study stems from my personal experience. I was
enrolled in an introductory abstract algebra course when I was a preservice teacher and found the
course to be one of the most relevant and valuable advanced mathematics courses in my
undergraduate experience. I saw many connections between abstract algebra and secondary
school mathematics, both while enrolled in the course and when I began teaching. In particular,
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while I was enrolled in the abstract algebra course, I was tutoring a student in 8th grade Algebra 1
and this provided many opportunities for me to draw upon my advanced mathematical
knowledge (Zazkis & Leikin, 2010) from abstract algebra to explain more elementary algebra
concepts. This also might have been an unintentional example of what Wasserman and his
colleagues (2017) describe as building up from/stepping down to teaching practice. I had the
opportunity to consider questions situated in middle school algebra, learn abstract algebra
content, and then apply that knowledge once again in the secondary context. I will discuss this
literature in further detail in the following section. I believe that many aspects of my experience
as a student in abstract algebra impacted my perceived relevance of the course and my learning;
however, I also believe that my short interactions with the secondary situations substantially
shaped my perspective. Many of my peers did not understand why they needed to take abstract
algebra since “they just wanted to teach middle or high school mathematics” and told me that
their only goal was to pass the course and move on to learning more important and useful
material. I, on the other hand, could not wait to learn more. These mathematical connections
continued to play an important role in my experience as both a secondary mathematics teacher
and as I pursued my Master of Science for Teachers (MST) in Mathematics.
After reading the literature I realized that while my experience illustrated the potential
benefits abstract algebra has to offer, many prospective teachers have views that are more similar
to my peers and fail to see the relevance of abstract algebra to their future teaching (Christy &
Sparks, 2016; Kerr & Lester, 1982; Ticknor, 2012; Wheeler & Champion, 2013). If these
connections are beneficial for preservice teachers to make and they are not making them, then
more research must be done. The overarching question we need to address is: how do we make
abstract algebra relevant for future teachers? One way to approach this goal of making abstract
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algebra relevant is to help preservice teachers make meaningful connections to the content they
will teach throughout their careers.
Research Questions
To summarize, abstract algebra has been identified as an important course for preservice
teachers; however, many preservice teachers do not see any relation between abstract algebra and
secondary school mathematics (Christy & Sparks, 2015; Ticknor, 2012; Wheeler & Champion,
2013). Additionally, many of the studies in this area have been conducted in abstract algebra
courses designed for future teachers even though very few universities with teacher preparation
programs offer such a course (Blair et al., 2013; Hoffman, 2017). Thus, there is a need for
research that explores how to make abstract algebra relevant for preservice teachers in general
introductory abstract algebra courses. Based on this need, the following research questions were
created:
1. What mathematical connections between abstract algebra and secondary school
mathematics do abstract algebra faculty identify as important for their students
(specifically preservice teachers) to make and in what ways do they incorporate these
connections into their classroom instruction?
2. What instructional tasks or course activities help preservice teachers establish
mathematical connections between abstract algebra and secondary school mathematics
while they are enrolled in an introductory abstract algebra course?
a. In what ways does making these mathematical connections impact their learning in
the abstract algebra course?
b. In what ways does making these mathematical connections impact their perceived
value or relevance of the abstract algebra course?
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I addressed these questions in an exploratory, qualitative study using situated cognition
(Boaler, 2000; Ticknor, 2012; Wasserman et al., 2017), sociocultural theory (Forman, 1996), and
social constructivism (Ernest, 2006) as the theoretical lens guiding the creation of my conceptual
framework. The study was conducted in three stages, research question one was addressed in the
first stage and research question two in the second and third stage. During the first stage, an
online survey was distributed to seventy-five mathematics departments across the United States
that offer an introductory abstract algebra course required of preservice teachers. Note that most
of these courses were general introductory courses that were required of, but not designed for
preservice teachers. The survey investigated which mathematical connections the faculty
perceived as most important for their students (particularly preservice teachers) to make in an
introductory abstract algebra course and how those connections are incorporated into instruction.
In the second stage, I observed a single section of a required introductory abstract algebra
course at one, four-year public university and explored how the preservice teachers enrolled in
the course established connections to secondary school mathematics. Wasserman et al. (2017)
created a model for designing lessons in a real analysis course for preservice teachers that
involved building up from teaching practice and stepping down to teaching practice. Based on
the Wasserman et al. (2017) model, I created a variety of small tasks specifically designed to
help preservice teachers make connections in a general abstract algebra course. I explored which
of these tasks or course activities helped preservice teachers establish connections and
investigated how making these connections impacted their perceived relevance of the course as
well as their learning in the course. In the third stage I conducted follow-up interviews with the
preservice teachers to explore additional connections they made after their semester of abstract
algebra.

11

In the next chapter I will review the current literature and explain the conceptual
framework guiding this study. This will include a discussion of research regarding the teaching
and learning of abstract algebra, the role of abstract algebra in secondary mathematics teacher
education, and connections between abstract algebra and secondary school mathematics. I will
also present my conceptual framework that includes a discussion of how sociocultural theory
(Forman, 1996), situated cognition (Boaler, 2000; Ticknor, 2012; Wasserman et al., 2017) and
social constructivism (Ernest, 2006) have informed the framework. In Chapter 3, I will describe
the methodology and data analysis for the study. Chapter 4 will be a presentation of the results of
the study, and I will conclude in Chapter 5 with a discussion that includes directions for future
research. In Chapter 5, all key findings are italicized and bolded to highlight them and bring
them to the reader’s attention.
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CHAPTER 2: LITERATURE REVIEW AND CONCEPTUAL FRAMEWORK
Despite the fact that abstract algebra has been identified as a pivotal course for preservice
teachers, many future teachers struggle with the content and do not understand why it is required
(Edwards & Ward, 2008; Hoffman, 2017; Leron & Dubinsky, 1995; Moore, 1994; Wasserman,
2018; Wasserman et al., 2017; Wheeler & Champion, 2013). While the focus of this study was
on preservice teachers, they are not the only population studying abstract algebra that find
abstract algebra content difficult (Leron & Dubinsky, 1995; Wasserman, 2018). In 1995, Leron
and Dubinsky claimed that the learning and teaching of abstract algebra was a disaster. They felt
that both students and abstract algebra faculty were frustrated with the course. Many researchers
have tried different teaching approaches to improve the teaching and learning of abstract algebra
to alleviate this frustration by using computer programming, inquiry-based learning, and
collaborative learning (Capaldi, 2014; Leron & Dubinsky, 1995; Soto-Johnson et al., 2008).
Some researchers have also suggested that making explicit connections between abstract algebra
and secondary school mathematics is one important way to improve student learning in abstract
algebra, especially for prospective teachers (Christy & Sparks, 2015; CBMS, 2012; Suominen,
2015; Ticknor, 2012; Zazkis & Leikin, 2010). More recently, researchers have been interested in
not only how making mathematical connections between abstract algebra and secondary school
mathematics might impact teachers’ learning, but also how it might influence teachers’ future
instructional practices (Murray et al., 2017; Wasserman, Fukawa-Connelly, 2017).
In the following sections I will provide more detail focused on the teaching and learning
of abstract algebra, the role of abstract algebra in secondary mathematics teacher education, and
connections between abstract algebra and secondary school mathematics. Additionally, I will
describe a conceptual framework for my study and discuss the influence of situated cognition,
sociocultural theory and social constructivism in the development of the framework.
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The Teaching and Learning of Abstract Algebra
Abstract algebra is defined as “the study and generalization of algebraic structures”
(Wasserman, 2016, p. 30). Main components traditionally part of an undergraduate introductory
abstract algebra course include identities, inverses, commutativity, equivalence, and
mathematical objects such as numbers, vectors, matrices, functions, transformations, and
permutations (Findell, 2001; Suominen, 2015). Unfortunately, as Cuoco (2001) points out,
“abstract algebra is seen as a completely different subject from school algebra” (p. 169) despite
some of the clear connections the concepts listed above have to secondary school mathematics.
There has been an increased interest in researching abstract algebra (Findell, 2001; Suominen,
2015) due to the fact that algebra has been a focus of precollege curriculum reform efforts with
many researchers arguing for algebra to be integrated into all grade levels (Kaput, 1998; NCTM,
2000; Suominen, 2015). Some claim that research in the teaching and learning of abstract algebra
is particularly important because it has implications not only for mathematics education in
general, but also for mathematics teacher education (Findell, 2001). In other words, conducting
research in this area has the potential to not only contribute to the literature regarding the
teaching and learning of abstract algebra, but will also contribute to secondary teacher education.
The latter has the potential in turn to improve the learning of their future secondary students.
One of the difficulties students in abstract algebra experience is learning to write
mathematical proofs (Bennett & Dewar, 2013; Edwards & Ward, 2008; Lew et al., 2016; Moore,
1994; Wheeler & Champion, 2013). Wheeler and Champion (2013) conducted a study where
they examined undergraduates in an abstract algebra course attempting to write proofs involving
one-to-one and onto relationships. They found that students tended to use variables without
defining them, had difficulty writing correct mathematical proofs, and struggled to identify
different proof formats. Although students were able to show initial mastery of proofs involving
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one-to-one and onto relationships when they first learned about them, they struggled to apply the
knowledge to proofs regarding properties of homomorphisms later in the course. Wheeler and
Champion’s (2013) findings suggest that students often memorize steps or procedures for writing
different kinds of proof that cannot always be extended to new material.
Similarly, students also struggle to correctly use precise mathematical language and to
correctly use mathematical definitions despite being able to correctly recite them (Bills & Tall,
1998; Cook, 2012; Edwards & Ward, 2008; Findell, 2001; Murray et al., 2017; Rasslan &
Vinner, 1998; Tall & Vinner, 1981; Vinner, 1991). Findell’s (2001) dissertation research
examined students’ images for concepts taught during the elementary group theory portion of an
introductory abstract algebra course. He described the complex relationship between a concept
and its name and found that “students’ understandings are intimately tied to issues of language,
notation, and metaphor…and may be strongly influenced by the particular examples and
particular definitions chosen” (Findell, 2001, p. 331). For example, Findell points out that
commutativity and associativity are frequently discussed in secondary mathematics, but the
examples given of non-commutative operations are also usually non-associative (e.g.,
subtraction, division). He found that some of his participants (prospective teachers in abstract
algebra) linked these properties together and assumed that if an operation was associative that
you could “move things around” (i.e., was also commutative).
Edwards and Ward (2008) conducted studies that examined students’ understanding of
mathematical definitions and the role of definitions in advanced mathematics courses such as
real analysis and abstract algebra. Their findings supported other research that shows that
students may be able to accurately recite a mathematical definition but are not able to use the
definition correctly to create a mathematical argument (Bills & Tall, 1998; Rasslan & Vinner,
1998). Courses in abstract algebra provide opportunities for prospective teachers to improve their
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use of precise mathematical language. Murray et al. (2017) claim that these opportunities have
the potential to impact the teachers’ future classrooms. For example, they discuss how words
such as “factor,” “term,” and “cancelling” can sometimes be used carelessly in a secondary
mathematics classroom. They point out that the expression x + 5 can be considered one factor
under multiplication, but two terms under addition. They claim that the correct usage of words
and concepts (such as the factor/terms example) can lead to a more complete understanding of
these concepts for the teachers that in turn will help teachers communicate the meanings more
precisely to their future students (Murray et al., 2017).
Tall and Vinner (1981) made the important distinction between concept image and
concept definition. They used concept image “to describe the total cognitive structure that is
associated with the concept, which includes all the mental pictures and associated properties and
processes [and] is built up over the years through experiences” (Tall & Vinner, 1981, p. 152).
Every concept has a concept definition, within the concept image, which is comprised of only the
words that describe the concept. The concept definition can be made up of both formal versions
that are accepted by the mathematical community that an instructor might present to students as
well as a personal concept definition that students construct for themselves. As Tall and Vinner
(1981) point out, students can develop an inappropriate concept image that coincides with a
restricted version of a concept definition but breaks down when students are asked to examine
the concept more broadly. For example, in abstract algebra preservice teachers’ concept image
might start to contradict itself if they have misconceptions that have gone unidentified during
their own secondary mathematics experience. In fact, Wasserman (2018) claims that there are
“several studies (e.g., Rhoads, 2014; Wasserman, 2017) [which] suggest that prospective
teachers’ understanding about secondary content potentially inhibits them from making
meaningful and rich connections to the content of advanced mathematics” (p. 5). He alludes to
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the idea that prospective teachers’ concept images and definitions for secondary school
mathematics have the ability to keep them from experiencing the intended benefits of taking
advanced mathematical courses like abstract algebra (Wasserman, 2018).
In addition to studying how students develop their concept images in abstract algebra
courses, there have also been studies that explore interventions and different approaches to
teaching abstract algebra to help improve student learning (Capaldi, 2014; Leron & Dubinsky,
1995; Soto-Johnson, et al, 2008). Capaldi (2014) taught abstract algebra using a traditional
lecture approach one year and then incorporated an inquiry-based learning (IBL) approach the
following year. The IBL approach involved group worksheets, individual and group homework
problems, written and oral exams, and a mathematical portfolio. She found that her students in
the IBL class had a significantly deeper level of understanding of definitions and ability to prove
theorems than the students in the traditional lecture class (Capaldi, 2014). Similarly, SotoJohnson et al. (2008) investigated students’ sense of community in an abstract algebra course
where they created an environment that encouraged collaborative learning both in and outside
the classroom. The class consisted of primarily preservice teachers and the students reported that
the collaborative structure of the course allowed them to feel more comfortable asking questions
in class and they felt like the more they participated in the classroom community, the more they
learned and the better their grades were. Leron and Dubinsky (1995) claimed that, in their
experience, “replacing the lecture method with constructive, interactive methods involving
computer activities and cooperative learning, can change radically the amount of meaningful
learning achieved by average students” (p. 227). These studies illustrate the importance of
examining preservice teachers’ concept images regarding abstract algebra content that is so
intricately tied to secondary school mathematics as well as examining their participation in the
classroom community in future studies.
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The Role of Abstract Algebra in Secondary Mathematics Teacher Education
While it is important for this study to consider research regarding the general teaching
and learning of abstract algebra, it is also important to examine why this course has been
required for prospective secondary mathematics teachers and its role in their preparation.
Wasserman et al. (2018) claim that the “broadest” reason for prospective teachers to study
advanced mathematics, including abstract algebra, is to help them become mathematically
knowledgeable in general. In his other work, Wasserman (2018) states that there are two main
arguments that the literature suggests for why secondary teachers should study advanced
mathematics. He claims
The first is that the advanced ideas discussed in these courses are foundational for the
mathematics studied at the secondary level (e.g., CBMS, 2012; Klein, 1932). The second
is that the study of mathematics is productive for instilling broader mathematical norms,
sensibilities, practices, etc., in teachers; for developing a sense of what ‘doing
mathematics’ entails. (Wasserman, 2018, p. 2)
The second claim is consistent with the recommendations found in The Mathematical Education
of Teachers II (2012) that states that “all courses and professional development experiences for
mathematics teachers should develop the habits of mind of a mathematical thinker and problemsolver, such as reasoning and explaining, modeling, seeing structure, and generalizing” (p. 19).
The idea that the content covered in courses like abstract algebra are foundational for
secondary school mathematics is supported by the many connections that have been identified
between abstract algebra and secondary school mathematics (CBMS, 2001, 2012; Suominen,
2015; Wasserman, 2018). However, many prospective teachers experience what Klein (1932)
described as the “double discontinuity.” The first discontinuity occurs when prospective teachers
enter the university classroom, and the content appears to have nothing to do with the
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mathematics that they have learned up to that point. The second discontinuity occurs when they
enter their own secondary school mathematics classrooms. Not only have they forgotten the
secondary material because it did not seem to be relevant to their university studies, but they
sometimes lack the tools to change their instructional practices from their own experiences as
students.
While mathematics education researchers have investigated these discontinuities, they
continue to persist (e.g., Leikin & Zazkis, 2010). I hypothesize that part of bridging the gap
between advanced and secondary mathematics is figuring out what teachers need to be learning
at the university level to be able to teach secondary school mathematics. Ball and Bass (2000)
point out that “most people assume that what teachers need to know is what they teach” (p. 86).
But is that sufficient? Research would suggest that this is necessary, but not sufficient. To
address this question, researchers have defined a specialized kind of mathematical knowledge
beyond simply knowing the curricular topics that teachers need to teach, i.e., mathematical
knowledge for teaching (Shulman, 1986; Ball, 1990; Ball & Bass, 2000). Mathematical
knowledge for teaching encompasses any mathematical knowledge that influences teaching
practice (Wasserman, 2017). While the definition can be simply stated, characterizing this
knowledge is complex. Various frameworks have been developed in recent years to try to
characterize this type of mathematical knowledge.
Shulman’s (1986) characterization is one of the most well-known of these frameworks
and distinguishes between three types of content knowledge for teaching. While his framework
was designed to characterize general knowledge for teaching and was not specific to
mathematics, I will describe the framework in the context of mathematical knowledge for
teaching. The first type, subject-matter knowledge, is teachers’ knowledge of mathematics. The
second type, pedagogical content knowledge, is knowledge of how to teach mathematics (for
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example: being aware of students’ cognitive development, being aware of social aspects of the
classroom). The third type, curricular content knowledge, is knowledge of learning sequences
and connections between curricular topics.
Ball, Thames, and Phelps (2008) built upon Shulman’s (1986) framework by breaking
both subject-matter knowledge and pedagogical content knowledge into categories which can be
found in Figure 1.
Figure 1
Domains of Mathematical Knowledge for Teaching (Ball et al., 2008, p. 403)

They define common content knowledge (CCK) as the common mathematical knowledge that
would be used in settings beyond teaching. They define horizon content knowledge as the
knowledge teachers use in being aware of how the mathematical concepts related to one another
throughout the curriculum. Specialized content knowledge (SCK) is “the mathematical
knowledge and skill unique to teaching” (Ball et al., 2008, p. 400). Clearly, traditional abstract
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algebra courses have the potential to inform teachers’ subject matter knowledge and more
specifically, their common content knowledge. However, by offering opportunities to present
students with teaching situations that allow them to look for patterns in student errors or examine
nonstandard approaches to secondary mathematics problems that relate to the abstract algebra
content we could also help develop their specialized content knowledge.
In terms of pedagogical content knowledge, Ball and her colleagues (2008) also define
additional categories to expand Shulman’s (1986) original framework. Knowledge of content and
students (KCS) involves the knowledge teachers have regarding their students. For example,
KCS involves teachers anticipating how students will react to the mathematics content and what
questions they might have. Knowledge of content and teaching (KCT) refers to teachers’
knowledge of teaching such as designing lesson plans within the context of their knowledge
about the mathematics content. Again, by offering opportunities to present teachers with
secondary student questions and misconceptions regarding material that relates to abstract
algebra content we can develop their KCS. In fact, several researchers have focused on how
general pedagogical content knowledge can be addressed in advanced mathematics courses like
abstract algebra through practice-based approaches to teacher knowledge (Hoffman, 2017;
Wasserman et al., 2017). Wasserman et al. (2017) defines practiced-based approaches to teacher
knowledge as “mathematical knowledge [that] should be relevant for and based in the work and
practice of teaching” (p. 560). One of the most prevalent ways researchers hypothesize that
abstract algebra can influence both secondary subject-matter knowledge and pedagogical content
knowledge is through making the many connections that exist between abstract algebra and
secondary school mathematics explicit in the abstract algebra classroom (Suominen, 2015;
Wasserman, 2018; Zazkis & Leikin, 2010).
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Connections Between Advanced and Secondary School Mathematics
In this section, I will describe the types of connections that have been identified in the
literature and describe current literature that suggests it would be beneficial for preservice
teachers to make these connections. Suominen (2015) defines a mathematical connection as “a
relationship between a mathematical idea linked or associated to another mathematical idea” (p.
13). Abstract algebra is defined as “the study and generalization of algebraic structures”
(Wasserman, 2016, p. 30) or as the generalization of school algebra (Findell, 2001). Although
the exact content covered in an introductory abstract algebra course may vary, these definitions
of abstract algebra illustrate mathematical connections between abstract algebra and secondary
school mathematics. Concepts such as inverse, identity, commutativity, and properties of number
systems are concrete examples of topics that are discussed in both abstract algebra courses and
the school-based algebra curriculum. However, mathematical connections are not the only types
of connections that researchers have identified between advanced and secondary school
mathematics (Wasserman, 2018).
Wasserman (2018) describes four points of connection between the study of advanced
mathematics and secondary teaching: “(1) content connections; (2) disciplinary practice
connections; (3) classroom teaching connections; and (4) modeled instruction connections” (p.
6). The focus of this study was in the area of content connections and classroom teaching
connections between abstract algebra and secondary teaching; however, disciplinary practice
connections and modeled instruction connections were relevant in the data analysis of this study.
Content connections here refers to a meaningful connection between the content in abstract
algebra to the content in secondary school mathematics. Classroom teaching connections refers
to connecting the content of abstract algebra to a specific secondary teaching situation.
Disciplinary practice connections involve connections between disciplinary practices in studying
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both abstract algebra and secondary school mathematics. Modeled instruction connections refer
to when abstract algebra faculty intentionally model particular kinds of mathematics instruction
that can be used in secondary teaching.
In the reports The Mathematical Education of Teachers (MET) and The Mathematical
Education of Teachers II (MET II) published in 2001 and 2012, respectively, many
recommendations are made and many connections between abstract algebra and secondary
school mathematics are identified. The MET II (2012) points out that the study of rings and fields
over groups “underlie base-ten arithmetic of integers and decimals, and operations with
polynomials and rational functions” (p. 59) and make the claim that abstract algebra can allow
preservice teachers to understand rules they might otherwise take for granted, such as order of
operations or why division by zero is undefined. In general, abstract algebra allows students to
develop a rich understanding of the properties regarding the natural, integer, rational, real, and
complex number systems as well as concepts such as inverse and identity (CBMS, 2001, 2012).
There are also many theorems and applications involving polynomials in abstract algebra that
have connections to secondary mathematics such as the Euclidean algorithm for polynomials, the
Remainder Theorem, and the Factor Theorem (CBMS, 2012).
In her dissertation research, Suominen (2015) created an extensive list of mathematical
connections between abstract algebra and secondary school mathematics by analyzing commonly
used abstract algebra textbooks and interviewing mathematics faculty. Suominen started with the
definitions of eight previously established categories of mathematical connections from the
literature to guide her own study. These eight categories were alternative representation,
comparison through common features, equivalent representation, generalization, hierarchical
relationship, logical implication, procedural, and real-world application (Suominen, 2015). For
example, according to Suominen (2015), the secondary mathematics concept of a function has a
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hierarchical relationship to the abstract algebra concept of an isomorphism because the function
concept “is a component of or is contained in” (p. 45) the isomorphism concept. Using the
definitions of different categories of mathematical connections, Suominen examined commonly
used abstract algebra textbooks to make a list of mathematical connections between abstract
algebra and secondary school mathematics that were made explicit in the textbooks. Then, she
interviewed mathematics faculty to show them the list she had created from the textbooks and
her own experience and asked for their feedback. Based on these two lists of mathematical
connections, she created a refined list that reflected the mathematical connections that were
explicitly made in abstract algebra textbooks and verified by mathematics faculty in her study. A
copy of this list can be found in Appendix A under the title “File 1” as it was used to show
abstract algebra faculty in Stage One and Two of this research study.
Research suggests that identifying these connections and understanding them is not
enough; we need to explore how these connections are made and investigate the pedagogical
impact of these connections (Álvarez & White, 2018; Murray et al., 2017; Suominen, 2015;
Wasserman, 2018). Christy and Sparks (2015) conducted a study to help preservice teachers
make connections between abstract algebra and the algebra taught in high school by giving them
a three-part project that took place over the course of three semesters in an abstract algebra
course, a practicum course designed to prepare students for student teaching, and during the
participants’ student teaching. The project required them to find and explore connections
between abstract algebra and secondary school mathematics in each of the three semesters.
Christy and Sparks (2015) hoped that relating the material to what prospective secondary
mathematics teachers would be teaching made it more meaningful and would work towards
changing the fact that many of the prospective teachers that they encountered in their careers told
them “that abstract algebra [was] the least relevant course in their major” (p. 37). The findings
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were preliminary and based on preservice teachers’ self-reflections. The preservice teachers
reported that the projects positively impacted both their learning and teaching, but Christy and
Sparks claim more research needs to be done in this field.
Cuoco (2001) points out that some universities have implemented “shadow seminars”
which meet weekly in conjunction with a traditional abstract algebra course where the seminar is
“designed perhaps by a mathematician, a practicing teacher, and a faculty member from a school
of education” (p. 170). He gives an example of a course at Boston University that helps
prospective teachers make connections between abstract algebra, linear algebra, number theory,
and precollege curriculum. However, there is little research on the effectiveness of these shadow
courses.
Wasserman (2018) suggests four main reasons or explanations for why the “benefits for
studying [advanced] mathematics are not being realized” (p. 5) by prospective teachers. Here
Wasserman (2018) is assuming that these benefits include those that have been described so far
(e.g., providing a foundation for secondary content and helping teachers learn how to “do
mathematics”) and that these benefits will also improve teachers’ future instructional practice.
Wasserman (2018) suggests the following possible explanations of why the benefits are not
being realized: the study of advanced mathematics is difficult, objects in advanced mathematics
and secondary school mathematics are treated in completely different ways (not allowing
prospective teachers to make meaningful connections), the goals of prospective teachers in
taking advanced mathematics courses often do not align with the goals that mathematics
educators have for them (e.g. if their goal is to pass the course why would they be looking for
meaningful connections), and impacting teachers’ pedagogical practice is difficult.
Ticknor (2012) investigated how well preservice teachers made connections between
what was taught in abstract algebra to the secondary school algebra they would someday teach
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by conducting interviews with the undergraduate preservice mathematics teachers at the
beginning and end of the semester. The purpose of the first interview was to gather information
about the participants’ histories and goals. An additional purpose of both interviews was to
gather information about how the preservice teachers would solve the high school algebra
problem of simplifying the expression 2(𝑥 − 3) − 3(5 − 3𝑥). The participants were asked to
justify their work and provide any properties that they used in solving the equation. She collected
field notes of classroom observations, gathered artifacts such as graded exams, and conducted
post-interviews to see how the abstract algebra course influenced how the preservice teachers
solved the high school algebra problem. Note that this course was a small course with both
preservice teachers and other mathematics majors and did not include any interventions to
provide opportunities for the preservice teachers to make connections to secondary school
mathematics.
Ticknor (2012) concluded that most of the preservice teachers were not affected by the
material developed in the abstract algebra course when asked to solve high school algebra
problems and instead showed that their understanding of the material was still situated in the
secondary classroom. When simplifying the expression 2(𝑥 − 3) − 3(5 − 3𝑥), most preservice
teachers only cited the distributive property, commutativity, and associativity and did not
mention inverses or identities. After the preservice teachers explained their work Ticknor
specifically asked if their knowledge of abstract algebra allowed them to see the problem in a
different way. She also asked the participants to restate the definition of a group and asked if
they saw any of those properties (including inverses and identities) in their work and yet they
still did not make connections. Ticknor also found that four out of the five participants had a goal
of simply passing the course because they did not see any connection to what they would
eventually be teaching. Ticknor hypothesized that making connections between abstract algebra
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and secondary school mathematics would be beneficial for preservice teachers as well as
undergraduate students with other career goals. Her hypothesis highlights the importance of
developing more instructional materials that could be implemented in any introductory abstract
algebra course, not just for preservice teachers, because of the potential benefits of making
connections for all students.
Conceptual Framework
In this section I will discuss the conceptual framework that was used to guide my
research study. The main components of the conceptual framework include the goals of the
instructor as well as the preservice teachers, the connections that are made between abstract
algebra and secondary school mathematics (by the instructor and preservice teachers) and the
learning that occurs in the abstract algebra course. Figure 2 represents a broad overview of the
components and the relationships between them that I hypothesized existed prior to my study and
wanted to understand on a deeper level through my research.
Figure 2
Conceptual Framework
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Many researchers have come to the conclusion that “knowing and doing mathematics is
an inherently social and cultural activity” (Cobb, Jaworski, & Presmeg, 1996, p. 3) leading to
both social constructivist and sociocultural approaches playing a more prominent role as
frameworks in educational research (Cobb & Yackel, 1996). The main tenets of sociocultural
theory include that the social context is inherently part of learning, students must participate in a
community to become experts in a given field of study, mathematics is rooted in discourse, and
any time learning occurs there is a negotiation of the meaning of concepts that is situated in the
context of the learning environment (Forman, 1996). Therefore, from this perspective, it is
particularly important to understand the social context of the classroom when investigating
preservice teachers’ learning.
I also believe that for a particular course it is the goals of the instructor and the goals of
the students that drive what goes on in the classroom. The goals of the instructor guide their
instructional choices from what material to present to how to present it to how they set up their
classroom expectations. The goals of the students guide and motivate their participation in the
social context and community of the classroom. The learning environment and classroom social
norms (Cobb & Yackel, 1996) depend on the goals of the students. For example, if a preservice
teacher has a goal of just passing the abstract algebra course, they may not be very engaged or
want to participate in classroom discussions or in office hours. Note that the goals of the
instructor and the students can change throughout the semester and have a powerful impact on
the learning environment and social aspects of the classroom. Also, although the goals of all
students in the abstract algebra course have the potential to impact the goals of the instructor and
impact the learning environment, my study focused on the goals of the preservice teachers in the
course.
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These first two components (goals of both the instructor and preservice teachers) are
included in my conceptual framework based on my experience as both a student and a teacher.
They are also supported by the literature (e.g., Wasserman, 2018). Wasserman (2018) suggests
that one of the reasons that preservice teachers are not experiencing the potential benefits of
studying advanced mathematics (such as abstract algebra) is because their goals do not align with
the goals that mathematics educators have for them with respect to the study of advanced
mathematics. His hypothesis reinforced my own belief that it is important to understand how
making connections to secondary school mathematics impacts the goals of preservice teachers to
help them experience some of the intended benefits of taking the abstract algebra course.
Another component of my conceptual framework is the connections made between
abstract algebra and secondary school mathematics. I believe this component is influenced by
both the goals of the instructor and the goals of the preservice teachers. For example, an
instructor’s goals might not explicitly include anything about making connections to secondary
school mathematics, but the preservice teachers might see connections or ask questions that lead
to discussions that help make connections explicit. If an instructor observes that the preservice
teachers are interested in these connections, their goals for the semester might change and they
might change their pedagogical tasks and approaches to accommodate student interests. For
preservice teachers, making connections to secondary school mathematics in the abstract algebra
course might change their goal from simply passing the class to wanting to gain a richer
understanding of algebra that could improve their future teaching.
The idea that student learning is situated in the context where it was learned (i.e., situated
cognition) has provided a framework for numerous studies focused on preservice teachers
making connections between advanced and secondary school mathematics (Ticknor, 2012;
Wasserman et al., 2017). Ticknor (2012) discussed how preservice teachers’ learning of
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secondary school mathematics and abstract algebra were situated in their respective contexts. As
mentioned above, when the participants were asked to solve an equation that would typically be
found in secondary school mathematics and asked about how abstract algebra related, they were
unable to describe any connections between the two. This might be because preservice teachers
were experiencing the double discontinuity that Klein (1932) described where the abstract
algebra and secondary school content seemed completely unrelated. Wasserman et al. (2017)
describes another application of situated cognition from the perspective of future teachers stating
that “the mathematical resources that teachers draw on in their professional practice are
intricately tied to the situations where they are learned and used” (p. 561). Wasserman et al.
(2017) investigated how making connections to secondary school mathematics in advanced
mathematics courses might impact the future pedagogical practices of the preservice teachers.
Both situated cognition and the tenets of sociocultural theory described above provided a lens to
investigate how the three components: the goals of the instructor, the goals of the preservice
teachers, and the connections between abstract algebra and secondary school impact on another.
The last component of the diagram, learning in the abstract algebra course, has a
relationship with each of the other three components discussed thus far. The goals of the
instructor and preservice teachers have an impact on learning that occurs in the classroom and
the learning that occurs can change the goals of both the instructor and preservice teachers in
return. A particular concept in abstract algebra might interest a preservice teacher and lead them
to adjust their goal for the course to include learning more about that concept which might also
include engaging more with the material or participating more in the classroom culture. A
preservice teacher might ask a question or view concepts in a different way than the instructor
had originally thought of which might change some of the goals of the instructor to include
exploring student ideas throughout the semester. While I think that it is possible that the learning
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of abstract algebra might help preservice teachers see connections to secondary school
mathematics, in this study I focused on exploring how making the connections to secondary
school mathematics impacted the preservice teachers’ learning. I hypothesized prior to the study
that during the abstract algebra course, the preservice teachers would build new knowledge on
prior understanding which might cause them to transform their previous conceptions. Social
constructivism is a learning theory that asserts that “pre-existing knowledge and understandings
are the basis for virtually all subsequent learning” (Ernest, 2006, p. 3) and “regards individual
learners and the realm of the social as indissolubly interconnected” (Ernest, 2006, p. 5). These
tenets of social constructivism provided an important lens that guided this study, especially in
terms of my hypotheses and methodology.
The study was designed to develop and understand the relationships I have described so
far and to gain insight into the relationship between the connections made between abstract
algebra and secondary school mathematics and the learning that occurs in the abstract algebra
course. More specifically, I investigated how implementing tasks that involved explicit
connections between abstract algebra and secondary school mathematics impacted the
connections the preservice teachers actually made to secondary school mathematics as well as
how making the connections impacted the preservice teachers’ goals, perceived relevance, and
learning. The four components that make up my conceptual framework played an integral role in
shaping my methodology described in the next chapter.
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CHAPTER 3: METHODOLOGY
In this chapter I will first review the research questions guiding this study and then
present the methodology that was used.
Research Questions
The purpose of this qualitative study was to investigate what instructional tasks or course
activities help preservice teachers establish connections between abstract algebra and secondary
school mathematics in a general introductory abstract algebra course (i.e., not a course
specifically for preservice teachers). Prior to taking an in-depth look at these aspects of a
particular section of abstract algebra, I more generally investigated which connections abstract
algebra faculty across the United States perceived as important for their students, particularly
preservice teachers, to make and how they incorporate these connections into their instruction.
My study was an exploratory, qualitative study that investigated the following research
questions:
1. What mathematical connections between abstract algebra and secondary school
mathematics do abstract algebra faculty identify as important for their students
(specifically preservice teachers) to make and how do they incorporate these connections
into their classroom instruction?
2. What instructional tasks or course activities help preservice teachers establish
mathematical connections between abstract algebra and secondary school mathematics
while they are enrolled in an introductory abstract algebra course?
a. In what ways does making these mathematical connections impact their learning in
the abstract algebra course?
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b. In what ways does making these mathematical connections impact their perceived
value or relevance of the abstract algebra course?
To address the research questions, I conducted a multi-stage exploratory, qualitative
study. Stage One involved developing and implementing surveys to i) abstract algebra faculty at
colleges/universities across the country and ii) in-service secondary teachers enrolled in or
recently graduated from master’s programs in mathematics designed specifically for teachers.
The goal of the faculty survey was to gather information about what was currently happening in
abstract algebra classrooms. In addition to gathering general information, I also I wanted to
determine what mathematical connections were explicitly being made to secondary school
mathematics and how these connections were being incorporated in various abstract algebra
courses. The main goal of the survey for in-service teachers was to investigate the ways in which
abstract algebra content has informed or impacted the teachers’ secondary school instruction.
Stage Two of the study was conducted in an introductory abstract algebra course required of
preservice teachers. I worked in collaboration with the course instructor to develop a variety of
short tasks that provide opportunities for the students to make explicit connections between
abstract algebra and secondary school mathematics. I explored what connections the preservice
teachers made and investigated what activities (e.g. specific tasks, discussions with peers or
instructor in or outside of class) helped them make those connections. Stage One data informed
both the interview protocols and tasks for Stage Two. A third, follow-up stage (Stage Three) was
added based on the experience and plans of the main participants. All three stages will be
described in more detail in the following sections.
Stage One
To address research question one and provide context for research question two I
conducted two Qualtrics surveys, the “Abstract Algebra Faculty Survey” and the “Abstract
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Algebra MST/MS-MTCH Student Survey.” Both surveys were administered and analyzed
between May and July of 2019 as Stage One of this study.
Abstract algebra faculty survey. Schools selected for the survey met the criteria that they
offered a degree in mathematics with an option for preservice teachers (e.g., mathematics
education degree, teaching concentration, or secondary teaching track/pathway within a
mathematics degree) that required a course in abstract algebra. For a few of the selected schools,
there was a required course for preservice teachers that incorporated abstract algebra content
along with other areas of mathematics such as number theory (e.g., the required course for
preservice teachers was not specifically titled abstract algebra).
Individual e-mails were sent to seventy-five mathematics department chairs (copying
their administrative assistants) briefly describing the nature of my research and asking if they
would forward the “Abstract Algebra Faculty Survey” (see Appendix A for a copy of the survey
questions) link to faculty who typically teach the first, introductory abstract algebra course
required of preservice teachers. See Appendix B for the list of schools who received the survey
link.
The survey consisted of twenty-two questions that addressed background information, the
structure of their institution’s abstract algebra course, and their perspective on mathematical
connections between abstract algebra and secondary school mathematics. Additionally, the
survey had questions about the structure of their abstract algebra course (e.g., types of activities
or teaching methods they typically use, the structure of each class), types of majors that usually
enroll in abstract algebra, how the types of majors might influence the material covered,
mathematical connections they currently make between abstract algebra and secondary school
mathematics in their courses, and how they incorporate those connections. Since some faculty
might teach multiple abstract algebra courses, I specified that all questions about abstract algebra
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were focused on the first introductory abstract algebra course offered at the participants’
institution that is required of preservice teachers.
The last major section of the survey contained questions that asked the faculty to first
read Suominen’s (2015) list of mathematical connections between abstract algebra and
secondary mathematics (File 1 at the end of the survey questions in Appendix A) and her list of
secondary curricular topics (File 2 at the end of the survey questions in Appendix A). They were
then asked to comment on the list of connections (e.g., are there any connections missing from
the list or connections they do not agree with) and rank the top five connections in terms of
importance for their students to make (either using the connections Suominen identified or
additional connections they described).
The goal for each survey question is summarized in Table 1. Note that some survey
questions were multiple choice and allowed participants to select all that apply. These options
are not included in the table below but can be found in Appendix A with the complete copy of
the survey.
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Table 1
Goal/Purpose of Each Survey Question
Goal

Gather background
information about
instructors and
teaching styles

Find out
instructors’ goals
for students

Survey Questions
1. How many years of post-secondary teaching experience do you
have (not including years when you were a graduate student TA)?
2. How many semesters have you taught abstract algebra?
3. What are your main research interests?
4. In what ways does your research influence what you teach in your
abstract algebra courses?
5. What is the average number of students that are typically enrolled
in a single section of your semester- or quarter- long introductory
abstract algebra courses required of preservice teachers?
6. How do you usually structure or teach abstract algebra? (For
example: What does a typical day in your class look like? What
types of activities or teaching methods do you usually use?)
7. What types of majors do you typically have in your introductory
abstract algebra courses?
8. What type of major usually makes up the majority of your
introductory abstract algebra courses?
9. Does the type of majors impact the topics you choose to cover or
how you present the material?
19. Please indicate your teaching position/title (see Appendix A for
given multiple choice options)
10. What are some of your main learning goals for your students in
your introductory abstract algebra courses (e.g. with respect to
mathematics in general, abstract algebra specifically, proof
techniques)?
11. More specifically, what are some of your main learning goals for
future secondary mathematics teachers in your introductory abstract
algebra courses?

Assess instructors’
familiarity with
secondary
mathematics

12. Describe your familiarity/experience with secondary mathematics
curriculum (e.g. taught at the secondary level, been involved with
curriculum projects, worked with secondary teachers, etc.).

Investigate
instructors’ views
of mathematical
connections
between abstract
algebra and
secondary
mathematics

13. Please list any mathematical connections between abstract algebra
and secondary school mathematics that you incorporate into your
abstract algebra course.
14. In general, how do you incorporate these mathematical connections
into your abstract algebra courses?
15. Please consider the list of secondary mathematics curriculum topics
(file 1) and the list of mathematical connections between abstract
algebra and secondary mathematics (file 2) provided.
a. Please comment on any connections you think are missing.
b. Please comment on any connections that you find surprising or
had
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Goal

Gather information
about the institution
where the
participant is
currently teaching

Survey Questions
not considered before reading Suominen’s (2015) list.
c. Please comment on any connections you do not agree with.
16. From your perspective, what are the top 5 most important
mathematical connections for undergraduates to make between
abstract algebra and secondary school mathematics?
17. Please describe how you would re-rank the mathematical
connections specifically for future secondary mathematics teachers.
18. After considering Suominen’s (2015) list of mathematical
connections, are there any connections that you would like to
emphasize the next time you teach abstract algebra that you do not
already include in your instruction?
19. Name of the institution where you are currently teaching.
20. Please select your institution’s Carnegie classification (see
Appendix A for list of multiple-choice options)

While I will discuss the results of this survey in detail in the following chapter, I want to
briefly point out that many of the abstract algebra faculty thought that connections between
abstract algebra and secondary school mathematics were valuable and important for preservice
teachers to make. However, their responses highlighted some difficulties that arise in their
endeavors to incorporate connections.
While many of the questions from the abstract algebra faculty survey addressed research
question one and the demographic questions helped provide a context for the responses, the other
purpose of this survey was to inform elements of Stage Two. I used the ordered list of
connections to help prioritize the tasks I created to provide opportunities for students, especially
preservice teachers, to make the “most important” connections. The tasks will be described in
more detail in the section regarding Stage Two. I also used the survey questions and responses to
guide my creation of the interview protocols for both the instructor of the abstract algebra course
and for the preservice teachers in the fall as a part of Stage Two. This will be discussed in more
detail in the section regarding Stage Two.
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Abstract algebra MST/MS-MTCH survey. For the second survey, I wanted feedback from inservice teachers enrolled in a graduate program that requires abstract algebra. Two programs that
met these criteria were the Master of Science for Teachers (MST) in Mathematics program at the
University of New Hampshire and the Master of Science in Mathematics for Teachers (MSMTCH) program at Portland State University. One of the main goals of both programs was to
provide secondary mathematics teachers an opportunity to deepen their mathematical
backgrounds to enrich their own secondary teaching. They both required a graduate course in
algebra that includes the study of abstract algebra.
An e-mail was sent to the program coordinators at both the University of New Hampshire
and Portland State University describing the nature of my research and asking them to forward
the link to the MST/MS-MTCH survey (a copy of the survey can be found in Appendix D) to
their current students and recent graduates. I decided to include recent graduates to increase the
potential number of participants. I also attended the MST welcome meeting at the University of
New Hampshire to introduce myself to the participants.
The survey consisted of seven questions regarding the teachers’ information about what
level and where they teach, their experience with abstract algebra, and how their content
knowledge of abstract algebra has impacted their secondary teaching. The main goal of the
survey was to understand how these teachers use the concepts from abstract algebra in their
teaching. I also thought it was important to know what level they were currently teaching at to
see if that impacts their perspective and to know when they took any abstract algebra courses. By
asking this question, it also indicated who had taken the graduate course in algebra and who had
not taken it yet without adding an additional question. I did not limit the participants to teachers
who had taken the abstract algebra course in their program because I thought that it would be
interesting to see/compare the different responses. I followed up the question about their
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experience with abstract algebra with why they took the courses and asked if the course was
required for them to explain why they thought that was the case. Before asking the participants
how they use their knowledge of abstract algebra in their teaching I provided the list of
mathematical connections between abstract algebra and secondary mathematics as well as the list
of secondary mathematics curriculum topics from Suominen (2015). The survey responses were
used to guide the creation of the instructional tasks for Stage Two.
Stage Two
During Stage Two I investigated research question two about what instructional tasks or
course activities helped preservice teachers make mathematical connections between abstract
algebra and secondary school mathematics. As mentioned previously, the survey results from
Stage One informed both the interview protocols and tasks created for Stage Two. Following
Stage One where I investigated more broadly what was happening in abstract algebra courses,
the purpose of Stage Two was to:
•

take a deeper look into a particular section of abstract algebra to observe the classroom
culture,

•

provide opportunities for preservice teachers to make mathematical connections between
abstract algebra and secondary school mathematics,

•

investigate what connections the preservice teachers made and what tasks or course
activities helped them make those connections, and

•

explore how making these connections impacted their learning and perceived relevance
of the abstract algebra course.

I conducted Stage Two, as described in the following sections, during the fall semester of 2019.
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Participants. The main participants in Stage Two consisted of six prospective secondary
mathematics teachers in an introductory abstract algebra course that was required of mathematics
education majors, one graduate student who previously taught secondary school mathematics,
and the instructor of the abstract algebra course. For the purpose of this study, undergraduates
who indicated that they would consider teaching secondary school mathematics were considered
prospective teachers. Note also that Michelle and Sammy were preservice teachers. In Table 2
you will find the list of pseudonyms and background information about the main participants.
Table 2
Student Participant Pseudonyms, Class Standing, and Major/Minor Information
Participant
Pseudonym
Michelle
Sammy
Beth
Scott

Class
Standing
Junior
Senior
Junior
Senior

Van
Danielle
Lindsay

Senior
Junior
Graduate

Major/Minor
B.S. in Mathematics Education (Secondary Mathematics)
B.S. in Mathematics Education (Secondary Mathematics)
B.S. in Mathematics
B.A. in Mathematics and Sustainable Agriculture and
Food Systems
B.S. in Economics; Mathematics Minor
B.A. in Mathematics and Sustainability Dual Major
Ph.D. in Mathematics Education

While the focus of the study was on the instructor, prospective teachers, and graduate student
with prior secondary teaching experience, there were also aspects of Stage Two that involved the
other non-prospective teachers in the class (e.g., student questionnaires, instructional tasks, field
observations). There were 28 students in the course with 25 undergraduates (20 juniors and 5
seniors) and three graduate students (two first year Ph.D. students in Mathematics Education and
one first year Ph.D. student in Pure Mathematics). One of the juniors was receiving dual credit
for both the undergraduate and graduate abstract algebra course. While this course was required
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of mathematics education majors, there were also other majors in the class; see Table 3 for the
breakdown of the undergraduates.
Table 3
Majors of Undergraduate Students in Abstract Algebra Course
Major

Mathematics

Mathematics
Education

Economics
(Math Minor)

Physics (Math
Minor)

Number of
Students

21

2

1

1

The instructor of the course, Professor Smith, had expressed an interest in helping
students make mathematical connections between abstract algebra and secondary school
mathematics prior to Stage Two. He was also willing to incorporate short tasks that provided
opportunities for students to explicitly make these connections. By including the instructor as a
participant, I was able to explore his goals for the course and address research question two by
looking closely at the views of a particular abstract algebra instructor regarding mathematical
connections between abstract algebra and secondary school mathematics.
Data sources. The main data sources for Stage Two include (i) the initial and exit student
questionnaires, (ii) instructional tasks, (iii) group interviews with the prospective teachers,
individual interviews with main participants (instructor, prospective teachers, and graduate
student), grades of the prospective teachers, and (iv) field observations. These data sources will
be described in more detail in the following sections.
Initial and exit student questionnaires. At the beginning and the end of the semester, the entire
class was given a questionnaire to gather background information about the class and to measure
any changes in the students’ perceived relevance of the abstract algebra course. In the initial
student questionnaire (a copy can be found in Appendix E), there were questions about the
students’ background (e.g., major, their class-level, what mathematics courses they have taken at
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the university level), about the students’ perspectives on mathematics (e.g., what is mathematics,
do they like it, why or why not), about the students’ interests (e.g., what are their career plans,
would they ever consider becoming a middle or high school mathematics teacher), and about
their perceived relevance of the course (both in terms of future career plans and future studies).
In the exit student questionnaire (a copy can be found in Appendix F), there were similar
questions to measure what changes occurred throughout the semester.
The initial questionnaire helped to provide background information for the class as well
as identify the prospective teachers. Any student who identified themselves as someone who
planned on become a secondary mathematics teacher or would consider it and indicated on the
consent form that they would be willing to conduct additional interviews outside of class was
invited to be a main participants. I included questions regarding students’ views of mathematics
because I anticipated that they would provide insight into how the prospective teachers feel about
mathematics in comparison to their peers. I also thought the participants’ answers to these
questions might be informative for the study since some abstract algebra faculty (from the survey
in Stage One) claimed that prospective teachers slow down the pace of advanced mathematical
courses because they “do not like proofs.” Additionally, the initial questionnaire helped me
personalize the interview protocols that will be described in more detail in one of the following
sections.
Instructional tasks. To provide opportunities for the prospective teachers to make mathematical
connections between abstract algebra and secondary school mathematics, short instructional
tasks were developed and implemented into the course as part of the course curriculum. The
instructor and I met to discuss these tasks and to tentatively decide when these tasks would be
implemented. I continued to meet with the instructor throughout the semester to change any of
these tasks to better fit the course instruction and/or to change when they are implemented. I
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used the prioritized list of mathematical connections based on the abstract algebra faculty survey
and my own experience as a secondary mathematics teacher to create these initial tasks. They
were implemented using the model of building up from/stepping down to teaching practice that
Wasserman and his colleagues (2017) created to design real analysis lessons for preservice
teachers. The model is grounded in situated cognition and uses the idea of starting with a
concrete secondary teaching situation where the instructional practices involved in the situation
are well-suited to learning real analysis (building up), teaching real analysis material rigorously,
and then ending by reconsidering the pedagogical situation posed at the beginning of this process
(stepping down). Figure 3 illustrates the task model in the context of abstract algebra.
Figure 3
Diagram for Building up From/Stepping Down to Teaching Practice

While Wasserman and his colleagues (2017) claim that their model is best for advanced courses
specifically for preservice teachers, they also note that making explicit mathematical connections
to secondary school mathematics might be useful for all undergraduate mathematics majors. At
the beginning of the second class meeting, the task in Figure 4 was given as a warm-up activity.

43

Figure 4
Sample Task: Task 1
Suppose you are a 7th grade math teacher who is reviewing for the final exam with your
𝑥
students, and you give the students time to solve the equation −8 = −7 after you’ve written it
on the board. How would you respond to the following? (please fill in the blank with your
response)
You (the teacher): Okay so to solve the equation written on the board what would we do?
Student 1: Multiply both sides by −8 so the answer is 𝑥 equals 56.
Student 2: So I remember us learning that a negative times a negative is a positive, but why is
that the case again? I mean even just like negative one times negative one, why isn’t that
negative one again?
You (the teacher):

Comments about your response:

There was not only a space for participants to respond to the student question as if they were
teacher, but there was also a space at the bottom of the page for them to comment on their
response.
The task was also given later in the semester to see if the prospective teachers’ responses
had changed after the instructor had proved ring properties including the concept that a negative
integer (the additive inverse of that number) times another negative integer yields a positive
integer. This task was chosen for several reasons. First, it is a situation that happened to me as a
6th grade mathematics teacher and is part of the common core mathematics standards for 7th
grade. When my students asked me why a negative times a negative was a positive, I showed my
class a short argument using negative one and negative one. We first agreed that (−1)(−1) = 1
or −1 because those were the only reasonable answers based on what we know about the number
1. Then we decided to see what happens if we assume (−1)(−1) = −1 by considering
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(−1)(−1 + 1). In 6th grade the students knew about the distributive property and the order of
operations, so we simplified the expression in two different ways where we get 0 by using the
order of operations and we get −2 by using the distributive property and the assumption that
(−1)(−1) = −1. Then the 6th graders pointed out that the purpose of the order of operations is
so that things like this do not happen, so it did not make sense to get both 0 and −2. Thus, we
came to the conclusion that negative one multiplied by negative one had to be positive one. This
was a simple argument I came up with in my introductory abstract algebra course that came to
mind a couple of years later when a secondary student asked me the question.
Second, this task was chosen because it addresses some high-leverage teaching practices
that Wasserman et al. (2017) refer to in their model building up from/stepping down to teaching
practice. These high-leverage practices can be found on the website TeachingWorks and they
highlight the “basic fundamentals of teaching.” In particular, the teacher in task one that the
participants are pretending to be is engaging in leading a group discussion (high-leverage
practice one) and diagnosing particular common patterns of student thinking and development in
a subject-matter domain (high-leverage practice four) by addressing a concept that can be
difficult for students to understand.
Finally, this task illustrates the connection between algebraic structures (and their
properties) in abstract algebra and various secondary school mathematics concepts (i.e., identity,
inverse, number systems and known operators), which was the most important mathematical
connection identified by abstract algebra faculty in the survey from Stage One. Additional tasks
are included in Appendix G. Warm-up activities were labeled with a “-2” denoting that it was
second time that the task was implemented (e.g. Warm up 1 was given before the relevant
material was taught while Warm up 1-2 was the same and was given after the relevant material
had been taught). There were two warm-up activities (7 and 8) that were created based on
45

something from the lecture notes and given the following class meeting. These were not given
twice because of the impromptu nature of their creation. Also, warm-up activities 2-2 and 3-2
were not given in class due to time restraints; however, prospective teacher participants and
graduate student were given them during the end of the semester interviews. Table 4 includes a
brief description of the warm-up activities and when they were implemented both the first time
as well as the second time.
Table 4
Warm-Up Activity Schedule and Brief Descriptions
WarmUp
Activity

Date 1st
Given

Date Given
2nd Time

Brief Description
Asked participants to respond as if they were a 7th
grade teacher to a student who asked why a negative
number times a negative number is a positive number
(they were given a sample conversation where they
were asked to fill in how they would respond)

1 and
1-2

8/28/2019

10/15/2019

2

9/9/2019

N/A

Asked participants to solve a system of linear
equations and justify/explain each step, citing any
properties they might have used

N/A

After being given a mathematics content standard for
7th grade about division (including why division by
zero is undefined), participants were asked how they
would respond to a 7th grade student who asked why
the divisor cannot be zero

3

9/13/2019

4 and
4-2

9/23/2019

12/04/2019

Participants were told they were helping their parents,
a high school mathematics teacher, check high school
students’ homework. The task then asked if the work
of a student was correct and asked the participants to
explain why or why not (misuse of zero product
property)

5 and
5-2

10/2/2019

11/6/2019

Had multiple questions/opportunities to respond to a
middle-school-aged brother about operations with
fractions and common denominators
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WarmUp
Activity
6 and
6-2

7

8

Date 1st
Given

10/7/2019

10/28/2019

11/1/2019

Date Given
2nd Time

Brief Description

12/9/2019

Asked participants to respond to a high school student
who had the idea that if 𝑓(𝑥) = 4𝑥 + 7 then
1
𝑓 −1 (𝑥) = 4𝑥+7

N/A

Asked participants how they would respond to a precalculus student they are tutoring who asked if it is
always true that 𝑓(𝑎 + 𝑏) = 𝑓(𝑎) + 𝑓(𝑏) since they
learned that (𝑓 + 𝑔)(𝑎) = 𝑓(𝑎) + 𝑔(𝑎) in class. This
task also asked how this related to what they had been
learning in abstract algebra

N/A

Asked participants how they would explain
multiplying two binomials together to a middle or
high school student and how it related to what they
had been learning in abstract algebra

Interviews. I conducted both group and individual interviews with the prospective teachers as
well as individual interviews with the instructor and a graduate student taking the course with
previous secondary teaching experience. All interviews (both group and individual) were video
recorded, partially transcribed and analyzed. During the group interviews with the prospective
teachers, the tasks implemented in class up until that point were discussed in more detail. I had
additional tasks prepared for the prospective teachers to complete at the group interview if time
permitted, but unfortunately, we ran out of time during the group interview. See Appendix O for
a schedule of when each of the participant interviews occurred.
Individual schedules only allowed for one group interview which took place around midsemester, after almost all warm-up tasks had been implemented one time (Warm-ups 1 through
7) and Warm-Up 1-2 had been implemented as well (i.e., Warm-up 1 was the only activity that
had completed the building up from/stepping down to teaching practice cycle). The interview
protocol was semi-structured and asked students to share their thoughts about the warm-up
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activities in general and then we discussed each warm-up as a group. A copy of the interview
protocol can be found in Appendix M. This allowed me to gain more insight into what the
prospective teachers were thinking about their warm-up responses since all participants were
given a packet with copies of their warm-up responses for reference. The interviews provided
another opportunity for the prospective teachers to make explicit and meaningful connections to
secondary school mathematics through discussion with their peers. In addition to the group
interviews, the prospective teachers, the graduate student with prior teaching experience, and the
instructor all participated in semi-structured individual interviews at both the beginning and end
of the semester.
For the instructor interview, I asked questions similar to the questions from the “Abstract
Algebra Faculty Survey.” The purpose of the interview was to understand the instructor’s goals
for the course, how they typically structure their abstract algebra course, what connections they
typically make to secondary school mathematics and how they incorporate those connections,
anything they have noticed about prospective teachers and their engagement in the course in the
past, and questions about their perspective about the importance of making connections to
secondary school mathematics. The initial interview protocol for the instructor can be found in
Appendix H. The purpose of the instructor interview at the end of the semester was to see how
they thought the semester met their goals, what they understood the student goals to be, how the
students seemed to react to the tasks that were implemented and see if they had any other
insights related to incorporating short tasks into a general introductory abstract algebra course.
During these interviews I also wanted to gain Professor Smith’s insight into how he felt about
balancing covering the necessary material and making explicit connections to secondary school
mathematics which was a concern of many of the participants of the “Abstract Algebra Faculty
Survey.” The end of the semester instructor interview protocol can be found in Appendix I.
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The types of questions asked during the preservice teacher interviews at the beginning
and end of the semester (see Appendix J and Appendix K for the interview protocols) were
similar in order to measure changes over the course of the semester both before and after taking
the course and participating in the group interviews. The three clusters of interview questions
include (1) the prospective teachers’ views about the perceived value or relevance of the abstract
algebra course, (2) how the prospective teachers view the relationship between abstract algebra
and secondary school mathematics, and (3) the prospective teachers’ engagement in the
classroom culture or community both in and outside of class. I will explain each of these clusters
below in more detail.
For the first cluster of questions, I had participants rate their perceived value of the
abstract algebra course on a scale of 0 – 10 with 0 being not valuable at all and 10 being
extremely valuable. I asked them to explain their rating and included questions about their
perceived relevance to what they will be teaching someday as well as their view of the usefulness
of the course for their future studies. If they saw the course as something that will impact the
way they teach secondary mathematics, I asked them to elaborate on how they envisioned
incorporating the concepts of abstract algebra into their future classrooms. This was difficult for
the prospective teachers, especially at the initial interview, but I wanted to ask in case they had
some ideas of how the course relates to their future teaching. If the student was only taking the
course because it was required and did not see any relevance to what they will be teaching, I
asked why they think the course is required. In the end of the semester interview, these questions
were still about their perceived value of the course and participants were asked to rate the value
again on a scale of 0 – 10. I asked follow-up questions to understand why their rating and/or
view had changed (if it did). These questions addressed research question 2b by investigating
how making mathematical connections between abstract algebra and secondary mathematics
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might have impacted the prospective teachers’ perceived relevance of the abstract algebra
course.
For the second cluster of questions, I asked prospective teachers about the relationship
between abstract algebra and secondary school mathematics. Here I asked probing questions
about what connections they see between abstract algebra and secondary mathematics and I
asked what types of instructional activities or tasks either in or outside of class helped them make
those connections (especially in the end of the semester interview). I also asked them to solve
high school algebra problems, similar to problems found in the work of Christy and Sparks
(2015) and Ticknor (2012), that involved justifying steps of solving linear equations or
simplifying algebraic expressions to investigate how the connections students draw might be
evident in their work in secondary mathematics at different points in the semester. Giving them a
concrete problem situated in secondary mathematics provided an opportunity for the prospective
teachers to show how the tasks and group interviews might have impacted their view of how
related these two subjects really are for the prospective teachers. These questions addressed
research question two by investigating what connections the prospective teachers were making
both by asking them before and after the material was taught and by providing evidence of some
prospective teachers seeing those connections through short secondary problems done in the
individual interviews.
The last cluster of questions created a more complete picture of the context of prospective
teachers’ learning both in and outside of the classroom and made their expectations and views of
the course structure explicit. In the initial interview, I asked questions about how the prospective
teachers anticipated the course would progress for them in terms of their expectations for the
instructor, for the course structure, and for themselves regarding study habits and workload. At
the end of the semester interview I asked the prospective teachers to reflect on how they felt they
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were doing in the course in terms of learning, confidence, and study habits. They were asked to
describe their study habits in terms of how often they were attending office hours (if at all), and
how they were doing their homework and studying for exams (timeline as well as individually or
in a group). These questions helped address the research question 2a about how making
connections might be impacting their perception of their learning in the course. These interview
questions also investigated how their views (both in terms of perceived relevance of the course
and their learning) might have impacted their participation in the course and gave a context for
the evidence of learning that was potentially illustrated by numerical data such as test scores and
overall grades in the course. I asked for access to the prospective teacher participants’ grades in
the consent form for the study so that I could compare their grades with their self-reflections.
Field observations. Throughout the semester I observed the introductory abstract algebra course
daily. The class met Monday, Wednesday, and Friday for 80 minutes. These field observations
helped me understand how the research participants engaged with the material, other students,
and the instructor in class. I constructed field notes using a similar observation protocol to that of
Bieda (2010). The field notes were strictly narrative. I considered the following questions during
the observations:
1.
2.
3.
4.
5.
6.
7.
8.

What references did the instructor make to secondary school mathematics?
What questions did students ask involving secondary school mathematics?
What was the basic outline of how class was structured that day?
How much and how did students participate in the lesson (e.g. were they asking
questions, answering questions, working collaboratively)?
Did students interact with one another at all (by asking each other questions or
working on problems together if that’s part of the lesson)?
In what ways do students show evidence of confidence with the material in class?
What types of responses from the instructor seem to build students’ confidence?
What pedagogical approaches seemed to result in student engagement with the material?

These questions were printed out and in my observation notebook that I brought with me each
day. I also typed the notes each week to have a digital copy. At this stage I allowed myself to add
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personal comments and analysis of the observations to the field notes. I think it was important to
understand the complete picture of what prospective teachers were experiencing in the abstract
algebra course to try to understand the connections they were making to secondary school
mathematics and how that impacted their learning and perceived value in the course. I
anticipated that if the prospective teachers were seeing the connections and viewing the abstract
algebra as relevant for their future teaching, I might have seen more evidence of engagement
with the material in the class.
Data analysis. In this section I will describe how I analyzed each data source described above.
In all data analysis, grounded theory was used to guide my approach. Grounded theory is used to
derive a general theory that is grounded in the perspectives of the participants (Creswell &
Creswell, 2018). While my research is not true grounded theory because I was able to construct a
conceptual and theoretical framework to guide the study, the goal of my research was to develop
a theory regarding prospective teachers making connections between abstract algebra and
secondary school mathematics in a general abstract algebra course. Charmaz (2006) points out
that
Grounded theory coding consists of at least two main phases: 1) an initial phase involving
naming each word, line, or segment of data followed by 2) a focused, selective phase that
uses the most significant or frequent initial codes to sort, synthesize, integrate, and
organize large amounts of data. (p. 46)
Grounded theory coding is sometimes described in three systematic steps known as open coding,
axial coding, and selective coding (Creswell & Creswell, 2018). In the first round, open coding,
the researcher creates the categories or themes based on the data (task response, answers to
interview questions, etc.). In the second round, axial coding, the research makes connections
between the codes that were created in the first round. In the last round, selective coding, the
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researcher uses the connections to generate or create the theory. This approach was used when
analyzing the data sources. In the following sections I will describe in detail the analysis of each
data source.
Initial and exit student questionnaires. Initial student questionnaires were used to provide
demographic information about the students in the abstract algebra course (e.g., how many
students of each major are enrolled in the course, class standing). For the prospective teachers, I
used open coding (Creswell & Creswell, 2018; Strauss & Corbin, 1998) to create codes for the
different ways that students define mathematics (e.g., solving problems, calculations, proving
conjectures), why they like or dislike mathematics (e.g., always has a right answer, proofs are
like puzzles you get to solve), the future careers that the students describe wanting to have in
addition to considering teaching (e.g., secondary mathematics teacher, college professor, data
analyst, engineer), why they are taking the course, and the goals of the students for the abstract
algebra course (e.g., pass the course, learn how to “do mathematics,” prepare for future career).
For the exit questionnaire I also used open coding to create codes for what course activities
helped students understand the material or made it more meaningful and in what ways those
activities helped them. I looked for trends and themes for students whose perceived relevance of
the course changed. I also compared what the students thought the instructor’s goals were for the
course with the instructor’s actual goals (based on interview answers) in an attempt to gain
insight into the relationship between the goals of the students and instructor.
Instructional tasks. The instructional tasks were part of the course curriculum meaning that they
were given to all students (not just prospective teachers). They were not graded, but the
instructor not only distributed and collected them, but also frequently reminded them not to rush
their responses. For those who agreed to participate by letting me use their responses as part of
my research, I made copies of their tasks to be able to compare their responses to those of the
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prospective teachers in future data analysis. For the purpose of this study, I focused on analyzing
the tasks of the prospective teacher participants and the graduate student with prior teaching
experience. I initially planned on using the tasks to create guiding questions for the group
interview but found that it was more helpful to ask general questions about the warm-up
activities and then discuss/write out task responses together as a group. Since only one task had
been given twice prior to the group interview, the second implementation of the other tasks
provided an opportunity to look for evidence of prospective teachers connecting the abstract
algebra material to the secondary situations and ways that the group interview might have
impacted those connections.
Interviews. As mentioned above all interviews were video recorded so that I could re-watch the
videos and analyze the data. I partially transcribed and created content logs for each interview.
All content logs included the video clip/interview question, a summary of what happened, and
the following headings found in Tables 5 and 6.
Table 5
Prospective Teacher/Graduate Student Content Log Headings
Particularly
Interesting
or
Surprising
Thing(s)
that
Happened

Evidence of
Goals of
Participants
and Goals/
Expectations
of the
Instructor
from the
Participant’s
Perspective

Participants
Conceptions
About
Secondary
Mathematics/
PostSecondary
Mathematics

Evidence of
Corresponding
Answers to
Questions/
Ideas from
First Day
Questionnaire
or Warm-Up
Activities
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References
to
Connections
Between
Abstract
Algebra and
Secondary
School
Mathematics

Connection(s)
Participant
Actually
Seemed to
Make

Evidence of
Making the
Connection
Impacting
Participant’s
Perceived
Relevance
or Learning

Table 6
Instructor Content Log Headings
Particularly
Interesting or
Surprising
Thing(s) that
Happened

Evidence of Goals/
Expectations of the
Instructor for his
Students and
Instructors’ Perceived
Goals/ Expectations of
Students from my
Perspective

Instructor
Conceptions About
Secondary
Mathematics/ PostSecondary
Mathematics or
Teaching Either
Level

References to
Connections
Between Abstract
Algebra and
Secondary School
Mathematics

Evidence of the
Connection(s)
Impacting
Pedagogical
Choices

For the group interviews I examined the interactions between the prospective teachers to
understand what connections the prospective teachers were making to secondary school
mathematics and what seemed to be helping them make those connections. Data from the group
interviews also provided opportunities to ask follow-up questions during the individual
interviews with the prospective teachers at the end of the semester to probe further about the
mathematical connections that were made.
For the instructor interview I used some of the themes that I had already created from
Stage One to categorize the instructor’s responses for questions that were the same or similar to
the “Abstract Algebra Faculty Survey” questions. The end of the semester instructor interview
gave me an opportunity to understand what aspects of the course were “typical” for this
instructor and the ways in which it might have been different. Since I was not in office hours, the
instructor was also able to provide insight into what he noticed about the students’ learning,
perceived relevance, and connections they made to secondary school mathematics.
Similarly, for the individual preservice teacher interviews I used characterizations for
why they were taking the course and why it was required for them from the “Abstract Algebra
MST/MS-MTCH Student Survey” responses. I also created characterizations of other questions
that were not asked in the survey regarding what they learned in the course, their goals for
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themselves in abstract algebra, how the advanced content related to secondary mathematics, and
their participation in the course (e.g., going to office hours, study habits).
Field observations. As mentioned above, all hand-written field notes were typed to organize the
notes and add any reflections to the narrative of what I saw. The goal was to be able to describe
the classroom environment and take note of the prospective teachers’ involvement in the social
context of the classroom. This meant that I had notes to compare with what they described in
their interviews as well as what the instructor described from their perspective. Analysis of the
field observations included items such as general descriptions (e.g., comfortable, informal), the
typical format (e.g., lecture), and the engagement of particular prospective teacher participants.
Stage Three
In May 2020, I conducted follow-up individual interviews with five prospective teachers
and the graduate student. These participants all met the criteria that they were either enrolled in
the second abstract algebra course in the sequence with the same instructor (Professor Smith)
and/or they were enrolled in courses related to the secondary mathematics curriculum (e.g., a
course examining secondary curriculum or observing a secondary classroom). These individual
interviews were all semi-structured and video recorded on Zoom. For these follow-up interviews
the questions were very similar to previous interviews with the three clusters of questions but
were more tailored to what the participant was doing in the Spring semester (see Appendix N for
the interview protocols). These interviews were partially transcribed and added to each
participants’ content logs.
Summary
Research question one was addressed through Stage One and Stage Two of this project.
Field observations and responses from the individual interviews with the instructor provided
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more information about which connections the instructor viewed as important for their students
and how they incorporated those connections. For example, although in our meetings the
instructor described many connections that he typically discusses in the abstract algebra course,
the field observations and preservice teacher interviews allowed me to describe his
implementation in more detail and describe the impact his choices had on prospective teachers.
This in-depth perspective was compared with what was reported in the “Abstract Algebra
Faculty Survey.”
All four of the data sources discussed above, along with the prospective teachers’ grades,
were used to examine what and how prospective teachers were making connections to secondary
mathematics and to gain insight into how making these connections seemed to be impacting their
learning and perceived relevance of the course (i.e., to address research question 2, 2a, and 2b). I
looked for evidence of the connections prospective teachers were making to secondary school
mathematics in (i) my observations (in class or in interviews), (ii) their responses to instructional
tasks, and (iii) their responses to interview questions that describe the connections they made. I
asked follow-up questions about how these connections were made in the individual interviews
by exploring what course activities (e.g., what specific task or discussion or interaction in the
course) helped them make those connections. Additionally, when students identified a course
activity that was helpful, I asked probing questions to understand what about the activity was
helpful. For example, most participants said that the warm-up activities and group interviews
were most helpful in them making connections to secondary school mathematics, so I asked
follow-up questions to pinpoint what specific aspects of those activities were helpful.
To measure how making mathematical connections between abstract algebra and
secondary school mathematics might have impacted perceived value and student learning in
abstract algebra for the prospective teachers (i.e., to address research questions 2a and 2b), I
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examined the individual interviews, their grades, and my field observations. While the instructor
was unaware of which students were participating in the study, I had hoped that his reflections
on the participants would also provide useful insight. Unfortunately, he did not mention specific
students, so I only had his general comments about the students to use in my analysis. I
compared evidence of student learning in the course (e.g., grades and self-reflections about their
learning) with what connections they made to secondary school mathematics. In general, I
hypothesized that students who made more connections to secondary school mathematics would
view the course as more relevant to their future careers and would see the course as more
valuable. This was the case for some prospective teachers and these results will be discussed
further in the following chapter.
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CHAPTER 4: RESULTS
The results of the study will be presented in two main parts: Stage One and Stage
Two/Three. I present the results from the second and third stages together since the results of the
follow-up interviews from Stage Three are so closely related to the data sources from Stage Two.
Stage One
As a reminder, the purpose of Stage One was to address research question one and to
provide information and insights for creating interview protocols and instructional tasks for
Stage Two. The results of the “Abstract Algebra Faculty Survey” and the “Abstract Algebra
MST/MS-MTCH Survey” are presented in the following sections.
Abstract algebra faculty survey. The survey was distributed to 75 mathematics departments
across the country that had a teacher preparation program with at least one required course in
abstract algebra. The breakdown of how many universities were contacted from each region are
listed in Table 7 as well as how many universities in each region responded to the survey.
Table 7
Breakdown of Universities by Region

Number of
universities the survey
was sent to in specific
regions
Number of
universities that
responded from
specific regions

West
(Pacific)

West
(Mountain)

Midwest

South

Northeast

Total

24

9

18

17

7

75

10

4

6

8

1

29

Seventy responses were received, but only fifty-one of the responses answered any questions
beyond the initial consent to participate in the survey. Multiple responses were received from
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several schools and twelve participants chose not to disclose their institutions. The survey was
anonymous; however, for some participants indicating their institution may have been selfidentifying. This means that there may be more than the twenty-nine universities represented in
the survey responses since the twelve participants who did not disclose their institution may have
represented additional universities.
Demographic information for the fifty-one abstract algebra faculty participants is
summarized in the tables below. Table 8 summarizes the number of years of teaching experience
in general as well as their abstract algebra teaching experience. One participant had only had the
opportunity to teach a capstone course which included presenting abstract algebra material to
prospective teachers, so they indicated that they had taught zero semesters of abstract algebra.
Not including this response, the minimum number of semesters participants had taught abstract
algebra was one semester.
Table 8
Abstract Algebra Faculty Teaching Experience

Survey Question 1: How many years of postsecondary teaching experience do you have?
Survey Question 2: How many semesters have you
taught abstract algebra?

Minimum Maximum
1
46
year
years
0
70
semesters semesters

Mean
19
years
10
semesters

The averages in the table have been rounded to the nearest whole year or semester. The research
interests of the participants have been categorized into abstract algebra or algebra-related field
(e.g., commutative algebra, algebraic geometry, general algebras), mathematics education, or
another branch of pure or applied mathematics (e.g., graph theory, combinatorics, dynamical
systems, ordinary differential equations). Some participants included more than one area of
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interest and were categorized as “abstract algebra or algebra-related” if abstract algebra or an
algebra-related field was listed.
Table 9
Abstract Algebra Faculty Research Interests

Number of abstract algebra
faculty with research interests in
the given field

Abstract
Algebra or
Algebra-Related

Mathematics
Education

Pure or Applied
Mathematics (Not
Algebra-Related)

21

7

23

The ways in which the abstract algebra faculty’s research interests impacted what or how they
teach abstract algebra is summarized in Table 10. Note that there are some participants that did
not respond to this particular question or gave such a specific response (e.g., “I like permutations
and group actions, so I probably seem happy whenever those topics come up”) or vague response
(e.g., “some overlap with research”) that it could not be categorized into the main themes listed.
Table 10
How Research Interests Impact Abstract Algebra Teaching
Themes of how research interests impact
material covered in introductory abstract
algebra courses
Research interests impact how material is
presented (e.g., their explanations or teaching
approaches)
Research interests impacts what topics are
covered
Research interests help faculty convey open
problems in research to their students
Research interests do not impact their teaching of
abstract algebra in any way
No response or extremely specific or extremely
vague response
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Number of participants who indicated
this in their response
19
8
2
11
11

Table 11
Teaching Position and Carnegie Classification

Teaching Position/Title

Number of Participants
with that Title

Full-time Adjunct
Instructor or Lecturer
Assistant Professor
Associate Professor
Full Professor
Other (senior lecturer,
professor emeritus,
chair)
No Response

1

Carnegie
Classifications

Number of
Participants that
Teach at an
Institution of
that
Classification

Doctoral
University

20

Master’s College
and University

17

3

Baccalaureate
College

6

6

No Response

8

5
13
23

This information from Tables 7 – 11 provide a context for the participants’ responses by
illuminating their experience and background.
The general structure for introductory abstract algebra courses for prospective teachers
varied across the responses. Table 12 represents a summary of the responses to the question of
the average number of students typically enrolled in a semester or quarter long introductory
abstract algebra course required of prospective teachers. The mean and median of the responses
for average class size were rounded to the nearest whole number. Figure 5 provides a second
summary of the data through a frequency chart.
Table 12
Summary of the Average Abstract Algebra Class Sizes

Average number of students in
a typical introductory abstract
algebra course

Minimum

Maximum

Mean

Median

Mode

2

45

21

23

25

62

Figure 5
Frequency Chart of the Average Abstract Algebra Class Sizes

Table 13 summarizes how I characterized abstract algebra faculty responses to how they
typically structure or teach their introductory abstract algebra course. Many of the participants
that indicated that they primarily use a lecture approach reported high levels of student
engagement/participation during their lectures.
Table 13
Characterizations of How Participants Typically Structure Abstract Algebra Course
Characterization of how participant typically
structure their abstract algebra courses
Primarily lecture
Mixture of group work, activities, and lecture
Flipped classroom (students read the book or
notes before class and do problems in class)
Specific inquiry oriented or inquiry-based
learning curriculum
Follows Launch/Explore/Summarize structure
from Connected Mathematics Project
Other

Number of responses that fit
characterization
30
11
2
2
1
1

According to the survey results, introductory abstract algebra courses required of
prospective teachers are typically comprised pure or applied mathematics, mathematics
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education (or mathematics with a teaching concentration), engineering, computer science,
physics, and chemistry majors. Some faculty mentioned that occasionally students minoring in
mathematics also take the course. In addition to asking faculty what types of majors enroll in
their introductory abstract algebra courses, the survey asked them to report which majors usually
make up the majority of the course. The results are summarized in the pie chart below in Figure
3. The percentages represent the percentage of the responses that indicated that the breakdown of
their classes fell under one of the provided categories (e.g., “majority pure or applied math
majors 39%” means that 39% of the participants indicated that pure or applied mathematics
majors make up the majority of the students enrolled in introductory abstract algebra).
Figure 6
Distribution of Perceived Abstract Algebra Class Composition by Major

CLASS BREAKDOWN BY MAJOR
Other or No
Response
8%

Majority Pure or
Applied Math
Majors
39%

Equally Distributed
Between Majors
37%

Majority Preservice
Teachers
16%

A little more than half of the participants (26 out of 51) stated that the types of majors did not
impact the topics they choose to cover or how they present the material. Some respondents cited
that the outline of the course is set by the department so there is not much flexibility and some
claim that they want to prepare all students for possible future careers since students’ goals might
change. Just under half of the participants (21 out of 51) claimed that the types of majors
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enrolled does impact their choices of what or how to present the abstract algebra material. Two
respondents mentioned that having mathematics education majors in the class slows down the
pace with one participant claiming that “mathematics education majors are very weak and do not
want to do proofs.” Other respondents pointed out that they think rings should be emphasized
over groups in abstract algebra courses with future teachers because of the connections to
secondary school mathematics.
According to the survey results, many of the abstract algebra faculty participants have
similar goals for their students. One of the main goals for students cited by the participants is to
learn how to “do mathematics” and a focus on learning how to read and write mathematical
proofs. Table 14 shows the main goals of the abstract algebra faculty participants.
Table 14
General Goals of Abstract Algebra Faculty
Goal of the Abstract Algebra Faculty
Help students gain experience with proofs
Deliver content
Help students to learn how to “do mathematics” (e.g., how to
struggle and persevere, problem solve, participate in the
mathematical community)
Develop students’ abstract reasoning skills and mathematical
curiosity
Help students understand why abstract algebra is important

Number of Participants
with Goal
35
33
22
10
3

Almost half of the participants (24 out of 51) said that their goals for prospective teachers were
the same as their goals for all students (i.e., they do not have any preservice teacher specific
goals). Twenty-two of the participants described specific content goals for their preservice
teachers (in addition to the general goals for their students described in their previous survey
response), six stated that they want future teachers to make connections to what they will teach,
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and many reiterated the importance of an emphasis on understanding what it means to do
mathematics for future teachers.
Characterizations of respondents’ familiarity with secondary mathematics curriculum
included little familiarity with the secondary mathematics curriculum, previous experience
working with pre- and in-service teachers, studying mathematics education themselves at some
point, and briefly teaching at the secondary level. The breakdown is illustrated in Table 15.
Table 15
Distribution of Participants Familiarity with Secondary Mathematics Curriculum
Categories of participants’ familiarity with
secondary mathematics curriculum
Not very familiar
Worked with pre- or in-service teachers
Studied mathematics education
Briefly taught at the secondary level
No response

Number of responses that fit
characterization
22
15
3
7
4

Despite many participants stating that they are not familiar with secondary mathematics content,
only eight participants stated that they do not make connections to secondary school mathematics
in their courses. The rest of the participants stated that they make general connections regarding
polynomials, the structure and properties of numbers (such as the integers, rational, irrational,
and complex numbers), the division algorithm, factoring, and understanding general rules (such
as why you cannot divide by zero or why a negative multiplied by a negative is a positive). In
terms of how they incorporate these connections, the participants were given five multiple choice
options with the fifth choice being other and the directions to select all that apply. The results are
illustrated in Table 16. Note that the total number of ways in which abstract algebra faculty
incorporate the connections is 96, which is almost double the number of responses received. This
means that many participants are incorporating connections in multiple ways.
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Table 16
How Participants Currently Incorporate Connections Between Abstract Algebra and Secondary
School Mathematics
How the participants currently incorporate
connections between abstract algebra and
secondary school mathematics
Verbally describe the connection(s)
Verbally give an example of the connection(s)
in the context of secondary mathematics
Implement instructional activities that make
explicit connections to secondary
mathematics (shorter activities such as warmups or worksheets; often done in class)
Implement projects that make explicit
connections to secondary mathematics (more
involved than an activity; often done outside
of class)
Other

Number of participants who selected each
method of incorporating connections
37
30

19

10
10

Note that five of the “other” responses specified N/A since they do not make connections (three)
or only occasionally make explicit connections (two). Three respondents mentioned using
homework problems to make connections, one respondent mentioned making visual connections
and one respondent mentioned using the secondary content to introduce or motivate the abstract
algebra content.
For the questions regarding the participants’ views of the connections between abstract
algebra and secondary school mathematics, I was able to compile a list of the connections ranked
in order of importance based on the perspectives of the participating abstract algebra faculty. I
asked each participant to rank their top five connections in order of importance and then assigned
five points for their most important connection, four points for the next most important
connection, three points for the next, two points for the next, and one point for the last
connection they listed on their top five. Then I calculated how many points each connection had
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to create a list of connections re-ordered from most to least number of “points.” The complete reordered list can be found in Appendix C. The top ten connections can be found in Table 17.
Table 17
Top Ten List of Re-Ranked Connections Between Abstract Algebra and Secondary School
Mathematics

Number

Abstract Algebra
Concept

Secondary School Mathematics Concept

Votes

Algebraic structures
(group, ring, integral
domain, field) & their
properties

Function and domain; identity; inverse;
number systems and known operators; solving
linear equations

88

23

Polynomial Ring

Operations with polynomials and polynomial
long division; polynomial vocabulary (degree,
coefficients, roots, etc.); power series

41

10

Equivalence relation

Congruence; inequality; similarity; symmetry

39

14

Groups and specific types
of groups

2

Binary operator

15

Homomorphism/
isomorphism

Function composition; geometric
transformations and symmetries
Arithmetic operators and number systems;
domain function; function composition;
function transformations
Equality; function; infinity and finitely
infinite; invariance; mapping
Decimal expansions; equivalent fractions;
linear functions and
Geometric reflections and rotations; solve
quadratic equations by factoring

1

9 and
30

Equivalence classes and
Zero divisors

34
31
30

28

6

Cyclic groups

Division algorithm; greatest common divisor;
imaginary unit I; rotations and periodicity

21

8

Equivalence

Equal sign; inequality; similarity; solving
equations

19

12

Fundamental theorem of
algebra

Roots of a polynomial

18
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While a few participants described connections outside of Suominen’s (2015) list of connections
in their top five, most of those connections were worded more as general learning goals or
adding more detail to the content connections between abstract algebra and secondary school
mathematics that Suominen listed. For example, one participant mentioned a missing connection
was “the development of a problem-solving mentality” and one participant mentioned that the
commutative, associative and distributive properties are all important properties not directly
mentioned on Suominen’s list. These properties were indirectly included in other connections
such as “algebraic structures and their properties.”
Two participants mentioned in a later response that they did not feel qualified or
comfortable ranking these connections because they had never thought about them before.
Additionally, twelve participants did not rank the connections and did not indicate a reason for
not ranking them. One survey question asked participants if there was anything they would
change about the ranking of the connections if they were specifically considering preservice
teachers in mind. Most participants stated that they would not make any changes, and some said
that they did not feel qualified to do this because of their lack of familiarity with secondary
school mathematics. The last question in the survey asked for any additional feedback and there
were some participants who shared that they saved the list of connections to refer to the next
time they teach this course or that they might use their list of top five connections to create a few
tasks for their future classes.
Abstract algebra faculty survey: Brief discussion. The results of this survey reinforce several of
my hypotheses and support results found in the literature. Many of the abstract algebra faculty
members shared throughout their responses that they think it is important for prospective
teachers to make connections between abstract algebra and secondary school mathematics.
However, some faculty members were not familiar with the secondary content or feel that there
69

is not time to cover the necessary material as outlined by the department and make these
connections explicit. One participant said that they do not make connections because their course
was “a course for mathematics majors.” The re-ordered list of mathematical connections that I
was able to create revealed that the participants saw the general, broad connections as most
important (e.g., the connection that received the most “points” was the connection between
algebraic structures and their properties in abstract algebra with function/domain, identity,
inverse, number systems, known operators, and solving linear equations in secondary school
mathematics). This reinforced my hypothesis that it could be beneficial for abstract algebra
faculty to have access to short tasks that can be done in a general introductory abstract algebra
course with mixed majors that provide opportunities to make meaningful connections to
secondary mathematics. The views of the participants suggested that some believe that making
connections could positively impact all students, not just future teachers.
Abstract algebra MST/MS-MTCH survey. Thirteen responses were received with nine
participants answering more than the initial consent to participate in the study. The breakdown of
how many participants answered each question is indicated in Table 18. Questions 1-5 were to
provide context for question 6 which was the question that most related to the main goal of the
survey (question 6 asked how participants’ use their knowledge of abstract algebra in their
secondary teaching).
Table 18
Summary of How Many Participants Answered Each Survey Question
Survey Question Number
Number of participants who
answered the question

1

2

3

4

5

6

7

9

9

8

6

6

5

5
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Table 19 summarizes the secondary teaching experience of the participants. The mean was
rounded to the nearest whole number.
Table 19
Teaching Experience of MST/MS-MTCH Participants

Responses to survey question 1: How many years
of teaching experience do you have?

Minimum

Maximum

Mean

4 years

12 years

7 years

Table 20 summarizes information about where the participants teach (responses to survey
questions 2 and 3). One in-service teacher participant chose not to answer question 3 about the
name and location of their school.
Table 20
Information About Schools Where MST/MS-MTCH Participants Currently Teach
School Information
School Level
Type of School
Locations (States)

Middle school
High school
Public school
Private boarding school
Michigan
New Hampshire
Oregon

Number of
responses
2
7
5
3
1
6
1

The survey responses were anonymous, but to be able to easily discuss certain responses I have
assigned them a number between one and nine. Tables 21 and 22 summarize the responses of the
five participants who answered all of the survey questions. Anything in quotations is taken
directly from their survey response and I have summarized the rest.
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Table 21
Summaries of MST/MS-MTCH Responses to Survey Questions 4 and 5
Participant
Number
2

3

7

8

9

Undergraduate
Abstract
Algebra
No
(only Linear
Algebra 2009)
Yes
(2 semesters
2007)

Graduate
Algebra
Course

Were courses a
requirement?

No

Yes

“To further [their]
knowledge of
mathematics”

No

Yes

“Because math major”

Algebraic
Structures in
MST
program
(2018)

Yes

Yes
(2 semesters
2005/2006)

No

Yes
(1st semester
required for
teaching degree,
2nd semester
counted as
elective)

No (only Linear
Algebra 2009)

Algebraic
Structures in
MST
program
more than
once (most
recently in
2018)

Yes

Yes
(1 semester
2012)
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Why do they think it
was required?

“[They] think [the
courses] were required
because they allow for a
more in-depth
exploration of how
algebraic properties can
be extended to abstract
objects/sets”
“[Their] guess is that
deeply understanding
the properties of algebra
would help one make
connections between
mathematics topics and
be better prepared to
explain the meaning
behind the concepts to
students”
“These courses were
required because they
were to help us in some
way see structures that
help explain the lower
level of mathematics
and why we do certain
procedures and follow
certain rules and
theorems”

Table 22
Summaries of MST/MS-MTCH Responses to Survey Question 6
Participant
Number
2
3

7

8

9

My summary of how they described using knowledge of abstract algebra in
secondary teaching and their general comments
Not much. Claim they are “teaching basic skills to [their] students” and don’t
know what connections there are to higher level mathematics. They are enrolled
in MST program to learn more about these connections.
“Binary operators for arithmetic and intro to algebra”
Goes into detail about topics they teach in secondary school (e.g. functions,
transformations, mapping, building logical arguments) where their knowledge
of abstract algebra “reinforces [their] ability to discuss and inform students
about algebraic properties and procedures” with the secondary topics they
listed. The participant gave the specific example of using matrices to talk about
the commutative property.
They mention that “concepts of congruence and equivalence come up regularly
in high school mathematics and [they] frequently refer to their definitions to
further student thinking.” According to participant 8, they could not provide
specific examples because it had been too long since they took an abstract
algebra course.
Participant 9 teaches 7th grade and mentioned teaching students about the real
number system and discussing inverses when learning about negative numbers
and reciprocals. They also stated that they understand why high school teachers
need to know about abstract algebra, but it does not make sense to them why it
is often required of middle school teachers.

Of the five teachers who answered question six, only participants 7 and 9 indicated that
they had taken a graduate abstract algebra course (in particular, they both took the MST course
called Algebraic Structures). These participants both gave the most detailed answers about how
they use their knowledge of abstract algebra in their teaching and had both taken the Algebraic
Structures course just one year prior to taking this survey. One of my hypotheses of why they
were able to provide detailed secondary examples is because these participants taught secondary
mathematics both right before and after taking the graduate level summer abstract algebra
course. This allowed them the opportunity to apply their abstract algebra content knowledge to
the secondary curriculum immediately after learning it. Participants 7 and 9, along with
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participant 8, were also able to clearly communicate why they thought the algebra courses were
required for them to take.
Abstract MST/MS-MTCH survey: Brief discussion. Similar to what is described by Christy and
Sparks (2015) and Ticknor (2012), the survey results reinforce the claim that it is difficult for
teachers to see concrete and meaningful connections between abstract algebra and secondary
school mathematics. In fact, the results confirm that teachers see few connections between
abstract algebra and secondary school mathematics.
Stages Two and Three
As a reminder, the purpose of Stages Two and Three was to address research question 2
by taking a closer look at a single section of introductory abstract algebra required of prospective
teachers.
Course overview. The course was open to both undergraduate and graduate students and
covered the algebraic structures that underlie our number systems. Professor Smith, the instructor
of the course, began by introducing rings and then transitioned to groups towards the end of the
semester. The graduate students enrolled in the course during my study were all Ph.D. students
who were taking the course to prepare for the doctoral level algebra course and required
comprehensive exam. As discussed in the previous chapter there were 28 students total in the
course including the three graduate students; however, only 27 consented to participate in the
study (and two additional students only agreed to participate in certain aspects of the study).
Instructor background. The instructor of the course, Professor Smith, has been teaching at this
institution for 35 years and estimated that he had taught the introductory abstract algebra course
at least 25 times. His main research interests are in commutative algebra and while he could not
think of any concrete ways that his interests impacted his teaching, he did mention that
“conducting research energizes teaching.” Professor Smith described his course structure as
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mostly lecture supported by problems and some discussion. He said that in a typical class he
attempts to pick up where they last left off to be sure to show how the material is tied together.
When I asked him about how he incorporated connections between abstract algebra and
secondary school mathematics, he stated that he mostly points them out and observes “them as
they go by.” Professor Smith was the former department chair and had organized the first-year
seminar the year that many of the students in his abstract algebra course were freshmen. This
meant that he knew about a dozen of the students prior to the start of the semester, from this
seminar and his role as an academic advisor.
Initial and exit questionnaire data. The initial questionnaire was given on the first day of class
and exit questionnaire given on the last day. One student did not turn in their initial questionnaire
meaning I only had data for 26 out of the 28 students. Twenty-five of the participants indicated
that the abstract algebra course was required for their degree. The one student who indicated that
it was not required was a physics major/mathematics minor who probably chose Abstract
Algebra as an elective course. Only one student indicated that they both liked and disliked
mathematics while the rest simply “liked mathematics.” This may not be surprising as the
majority of the students were mathematics majors. One student wrote “I would hope everyone in
a mathematics major would [like mathematics]” as part of her response on the initial
questionnaire. I used open and axial coding (Creswell & Creswell, 2018) to construct themes
based on their responses about why the students liked mathematics as this question was an openended question. Table 23 provides information about the reasons the students gave for why they
like mathematics. Students may have listed more than one reason so the numbers will not sum to
26, and the reasons are presented with the most common responses first.

75

Table 23
Response Abstract Algebra Student Participants Liked Mathematics
Reason Student Liked Mathematics
Enjoys problem solving
Intellectually satisfying/makes you “smarter”
Patterns/logical/systematic/puzzle
Useful/applicable
Universal language
(Often) one correct answer
Relaxing/enjoyable/interesting
Beautiful
Challenging
Likes proofs
Dislikes experimentation

Number of Students Who
Indicated This Reason
6
4
3
3
2
2
2
2
2
1
1

The one student who indicated that they both liked and disliked mathematics stated that the
reason they do not like mathematics is because they struggled with the theoretical part of their
studies. This student was a mathematics major and not one of the main student participants.
On the initial questionnaire I also gathered information about the students’ career goals as
well as goals for the course. I used open and axial coding (Creswell & Creswell, 2018) to
construct themes based on their responses as these questions were also open-ended questions.
Some students indicated multiple career goals and others indicated that they were unsure but
listed a particular career that they were considering. I present the results in two tables, Tables 24
and 25. The first table shows the students who chose specific careers and those who were unsure.
Some participants indicated a career aspiration, but also specified that graduate school was part
of their career goals. Others listed careers that would require graduate school (e.g., professor) but
did not include graduate studies as part of their plans. Of the students who said they were unsure,
some gave potential career options and those are presented in Table 25. For both tables, the
responses are presented with the most common responses first.
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Table 24
Career Goals of Abstract Algebra Student Participants
Career Goal
Professor
Unsure
Secondary Teacher
Grad School
Researcher
Industry/Software
Data Scientist
Economist
Business or Finance
Government Work

Number of Students with Goal
8
7
5
3
2
1
1
1
1
1

Table 25
Career Possibilities of “Unsure Student Participants”
Career Goal
Unsure
Psychology/Application of
Mathematics
Help Others or Planet (Not Teacher)
Cryptography

Number of Students with Goal
4
1
1
1

The eight students who indicated that they wanted to become professors included the three
graduate students working towards a Ph.D. in either Mathematics or Mathematics Education. In
addition to gathering information about the participants’ career goals, the initial questionnaire
asked them to comment on their specific goals for the course.
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Table 26
Course Goals of Abstract Algebra Student Participants
Goal for the Course
Gain knowledge
Get a good grade
Gain mathematical skills/proof writing skills
Be a good learner/be engaged
Experience with advanced problems
Pass course
Learn about rings
Attend office hours
Appreciate algebra more/enjoy material
Work collaboratively
Gain confidence
Make connections to previous knowledge
Prepare for future course
Complete practice problems
Understand systems

Number of Students with Goal
7
7
5
5
4
3
2
2
2
1
1
1
1
1
1

While the initial questionnaire provided background information about the students in
this section of abstract algebra, the exit questionnaire provided information about how their
views may have changed as well as their thoughts on specific aspects of the course. For example,
students were asked to identify course activities that were particularly useful in helping them
understand the material or making it more meaningful. The results are shown in Table 27.
Table 27
Helpful Course Activities
Helpful Course Activities
Proofs constructed/examples given in class
Practice problems
Warm up activities
Highlighting similarities between concepts
Interviews with researcher
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Number of Students Who
Found Activity Helpful
8
7
4
3
2

Number of Students Who
Found Activity Helpful
1
1
1
1
1
1
1
1
1

Helpful Course Activities
Professor Smith answering questions
Whole experience
Pictures/diagrams
Textbook
Nothing specific
Specific problem sets
Office hours
Was unable to understand
Jokes professor made to keep attention

Of the four participants who indicated that the warm-up activities were the most helpful course
activity, three were prospective teachers (Beth, Michelle and Van) and one was a graduate
student outside of the main participants. The graduate student stated that “while [she] didn’t plan
on going into secondary education, the warm-ups were helpful in situating [her] abstract algebra
learning within the context of [her] previous mathematical knowledge.” In addition to identifying
helpful course activities, students were asked what they thought Professor Smith’s goals were for
the course. The results are presented in Table 28.
Table 28
Goals of Professor Smith from the Perspectives of the Students
Goals of Professor Smith from Participants’
Perspectives
Get through/teach material
Help students think abstractly
Wanted students to understand material
Wanted to give students a solid foundation to
abstract mathematics
Prepare students to do problems independently
Help students pass course
Take rigorous approach to material
Wanted students to appreciate abstract algebra
Help students see connections/answer concrete
questions (like warm-ups)
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Number of Students with
Perspective
5
5
4
3
1
1
2
2
2

In terms of the preservice teacher participants and the graduate student with high school teaching
experience, a reminder of their pseudonyms and majors/minors along with their final grades in
the course can be found in Table 29. I refer to these participants as the “main student
participants.”
Table 29
Main Student Participants’ Final Grades and Major/Minor Information
Participant
Pseudonym
Michelle
Sammy
Beth

Final
Grade
B
F
A

Scott

B+

Van
Danielle
Lindsay

A
B
A

Major/Minor
B.S. in Mathematics Education (Secondary Mathematics)
B.S. in Mathematics Education (Secondary Mathematics)
B.S. in Mathematics
B.A. in Mathematics and Sustainable Agriculture and
Food Systems
B.S. in Economics; Mathematics Minor
B.A. in Mathematics and Sustainability Dual Major
Ph.D. in Mathematics Education

To be able to see where the prospective teachers fell in terms of grades, here is the breakdown of
the rest of the class who agreed to give me access to their grades (note that some participants
allowed me to make copies of their responses to the instructional tasks but did not want me to see
their numerical grades).
Table 30
Final Grades in the Course
Final Grades in the Course
A
AB+
B
BC
F

Number of Students with Grade
9
1
1
5
3
2
1
80

Observations. The course met three days per week (Monday, Wednesday, Friday) for an hour
and twenty minutes each. On the first day, I introduced myself and my research and distributed
consent forms that gave the students multiple options for participating in the study (e.g., giving
me access to their overall grades and graded assignments/exams, allowing me to copy ungraded
work, only allowing access to questionnaires and task responses, or not giving permission to
copy any documents). The room where the class was held was a wide room (about 10-12
columns of individual desks set up in pairs with only four rows) so I chose to sit in the front right
corner. Only two students sat behind me in my column, and they were not prospective teachers.
In this seat I could clearly see the board, see the main student participants, and see almost all
students without having to move around. This allowed me to observe the students without
drawing attention to myself. All students sat in the same seats the whole semester, so I chose to
do the same. I did not observe the class on the two exam days and was unable to attend one
lecture.
Based on the field notes which were first written by hand and then typed up at the end of
each week, I created themes that described the course format, goals of the course, student
participation, the warm-up activity implementation, and connections made to secondary school
mathematics. There were 38 class meetings that I observed (not counting exam days, a snow day,
and the one lecture I could not attend). Beginning in the second week, once I was more familiar
with the students, I started taking attendance. At least 90% of the class (25-28 students) was
present for 32 of the 35 class meetings and 23 or 24 students were present in the other three
classes (still above 80% class attendance). One of the main participants, Sammy, missed a few
classes throughout the semester and Van was frequently late (sometimes only 5 minutes late, but
up to 35 minutes late on occasion). The other main participants (prospective teachers and the
graduate student, Lindsay) were consistently present during class.
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My first impression of the classroom environment was that it was welcoming and that the
students were valued and important. On the first day, Professor Smith took the time to have each
student introduce themselves and share their name, major, year, and where they were from. He
was very enthusiastic and made jokes throughout his lectures. Making jokes helped to break up
the material and seemed to keep the students engaged. The main student participants made
comments that his class was calming, friendly, open, welcoming, and relaxed when I asked them
about the classroom environment. Sammy commented that Professor Smith was an “easy-going
teacher” and Van stated that he was “approachable.” Danielle described the students as quiet and
attentive because it was known to be a difficult course. By observing the course, I could confirm
that the structure of Professor Smith’s class was mostly lecture along with some discussion of the
problems assigned for homework or practice. He frequently paused throughout his lectures and
asked the students questions such as “is everyone okay/comfortable with this?” During some
lectures he would check in with the students by asking these types of questions seven or eight
times. Checking in with students so frequently communicated to students that Professor Smith
wanted students to ask questions. Professor Smith typically wrote an agenda or plan on the board
for each class and briefly reviewed what they had discussed in the previous lecture. At the end of
each class Professor Smith made announcements and often mentioned what they would be
covering next time.
The course format was made up of practice problems (assigned to do outside of class),
problem sets, warm-up activities, and exams. The practice problems were not collected or graded
and were given throughout each chapter or sometimes all at once for a given chapter. There were
five problem sets total that were collected and graded throughout the semester. The students
were encouraged to work collaboratively on the practice problems but were expected to work
independently on the problem sets to ensure that they were turning in their own work. The due
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dates for problem sets were extended if Professor Smith needed more time to cover the relevant
material. Main student participants stated that flexible due dates for problem sets provided
evidence that Professor Smith was “easy-going” and “approachable/flexible.” Some class time
was devoted to giving hints and clarifying the problem set problems and occasionally taking
questions on the practice problems. As I mentioned previously, the warm-up activities were part
of the course curriculum and were distributed and collected by Professor Smith but were not
graded. There were two course exams and the final exam. If a problem set could not be graded
prior to an exam, Professor Smith spent class time working out the solutions. Additionally, after
an exam was graded, he spent 40-50 minutes going over the exam solutions in class. These
gestures support the students’ claim on the exit questionnaire that one of the goals of Professor
Smith was to help the students understand the material because he devoted time to discussing
problem solutions.
One of the main goals Professor Smith communicated to the students throughout the
classroom observations was that he wanted to help students develop their proof writing skills. On
the first day he went over the expectation that proofs be written “clearly, concisely, and
correctly.” He reminded students of this goal throughout the semester and modeled specific
techniques. For example, he modeled mostly direct proofs, but made a comment that proof by
contradiction was a good “last resort” if a direct argument could not be made. He spent class
time reminding students that examples are not proofs, briefly reviewing the steps to proving “if
and only if” statements or “the following are equivalent” claims, discussing that definitions
should be thorough but concise, and emphasizing the importance of mathematical precision.
The students seemed comfortable participating and asking questions during class. Table
31 illustrates how many questions students asked as well as how many of Professor Smith’s
questions they answered each week.
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Table 31
Number of Student Interactions in Observations
Week Number/
Number of Lectures
Observed that Week

Number of Content
Questions Students
Asked

Week 1: 3
Week 2: 2
Week 3: 3

4
6
11

Week 4: 3

14

Week 5: 3
Week 6: 2
Week 7: 3

14
17
18

Week 8: 3

16

Week 9: 3

8

Week 10: 3

10

Week 11: 2

7

Week 12: 2

5

Week 13: 2
Week 14: 1
Week 15: 2

5
0
10

Week 16: 1

0

Other Questions:
Type and Number
of Questions
Students Asked
0
0
0
Mathematical
Practice Questions:
3
Logistical Question:
1
0
0
0
Logistical Questions:
2
0
Logistical Question:
1
0
Logistical Question:
1
0
0
0
Logistical Question:
1

Number of
Questions Professor
Smith Asked that
Students Answered
5
11
4

6

3
0
10
9
14
4
2
1
2
1
6
2

There were times where Professor Smith posed a question and waited but ended up discussing it
himself without receiving answers from the students. An example of a mathematical practice
question was from Michelle who asked if it was “possible for our proofs to be too long?”
Logistical questions usually had to do with due dates and schedules. Michelle and Lindsay
frequently asked and answered questions. Scott and Danielle occasionally asked and answered
questions. The other participants did not participate during class time beyond taking notes.
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Professor Smith verbally made both implicit and explicit connections to secondary school
mathematics throughout the semester along with implementing the warm-up activities. Implicit
connections were connections that I noticed, but Professor Smith did not identify explicitly to his
students as a connection. On the other hand, explicit connections represent times where Professor
Smith explicitly stated that what they were learning connected to secondary school mathematics.
Table 32 shows how many and what kind of connections he made to secondary school
mathematics each week.
Table 32
Implicit and Explicit Connections Made to Secondary School Mathematics
Week Number

2

3

4

Implicit and Explicit Connections to Secondary School Mathematics
Implicit (6):
• Fractions/division (came up twice)
• Commutativity (of addition and multiplication)
• Equivalent fractions and equivalence relations
• Modeled mathematical practices (using precise mathematical
notation)
• Noting we use same notation for cardinality and absolute value
Explicit (1):
• Partitions of functions in calculus
Implicit (8):
• Fractions and equivalence classes
• “Arithmetic” of ℤ
• Definition of “a divides b”
• Division algorithm
• Explained why you can’t divide by 0 (twice; once before they had
done warm-up 3 and once after)
• Absolute value
• Greatest Common Divisor (GCD)
Explicit (1):
• Euclidean Algorithm (he mentioned they should have seen this in
high school, but most students shook their heads no)
Implicit (3):
• GCD
• Division algorithm (dividend, divisor)
• Prime integer/number
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Week Number

5

6

7

8
9

10

11

12
13
15

Implicit and Explicit Connections to Secondary School Mathematics
Implicit (3):
• Compared properties of ℤ with properties of ℤ𝑛
• Referenced the quadratic formula
• Referenced FOIL
Explicit (1):
• Well-defined in modular arithmetic to well-defined fractions
Explicit (3):
• Mentioned that (ℝ, +, ∙) is the number system they used in
calculus
• Add/multiply functions
• Add/multiply polynomials
Implicit (3):
• 1 is the multiplicative identity
• Polynomials
• How subtraction is defined
Explicit (1):
• Referred to properties like −𝑎 = (−1)𝑎 as “seeds to answer
questions from high school students who ask why does this
work?”
Explicit (1):
• Mentioned that subtraction defined as adding the additive inverse
Explicit (1):
• Asked a question about when they saw 𝑓: ℝ+ → ℝ in Precalculus
and asked if it was surjective
Explicit (4):
• 0 homomorphism similar to 0 function in calculus
• Combining like terms
• FOIL
• Solving system of equations using matrices
Explicit (3):
• GCD in F[x] related to GCD in ℤ
• Multiplying 𝑐𝑥 𝑅 + other stuff by 𝑐 −1 like you would in high
school
• Analogy between absolute value/distance and polynomials and
degree
Explicit (2):
• Irreducible 𝑝(𝑥) related to the idea of prime numbers
• Roots vs. factors
Explicit (1):
• Binomial Theorem in Calculus
Explicit (2):
• Addition and multiplication in ℝ as binary operators in groups
• Groups and function composition
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Instructional tasks. Professor Smith was consistent in both his general approach to the course
and the implementation of the warm-up activities. He would often tell students the reason they
were doing a warm-up on a particular day was “because they looked a little stiff and probably
needed to warm up” and the students would smile. He reminded students when he handed out the
warm-up activities that they could consult their notes and textbook. He also always made it clear
that while he had allotted about 10 minutes for each warm-up, he did not want to rush them. I
created six warm-up activities before the semester began and Professor Smith gave me a general
idea of when we could implement each one for the first time. I explained what material I thought
was relevant for each warm-up and we mapped out when he might first talk about the relevant
material.
For the second implementation of each warm-up, I was able to request giving the warmup the lecture following the relevant material. Professor Smith would decide if it made the most
sense to give the warm-up at the beginning, middle or end of class. Warm-up activities 7 and 8
were created based on something Professor Smith said in lecture and were only given once. In
Table 33 I summarize when each warm-up was given in terms of the week as well as information
about how long students were given to work on it and what part of the lecture it was
implemented during (beginning, middle or end). Also included are comments I overheard
students make while they worked on the warm-up activities and additional observations. For the
most part, students worked on these independently although they were not given specific
instructions to do so. Occasionally, I would see them quietly say something to one another or talk
after they seemed to be done.
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Table 33
Warm-up Information, Comments, and Observations
Week
Number

1

WarmUps
Given

1

Minutes
Spent on
Warm-Up

10

When in
Lecture it
was Given

Beginning

Comments
Student Comments:
“I should know why”
“This is making my brain hurt”
My Observations:
Most students used the whole time

2

12

End

3

17

Beginning

5
6

4
5

13
17

Middle
Beginning

7

6

10

Beginning

8

1-2

15

Beginning

7

17

Beginning

8

15

Beginning

11

5-2

17

Middle

15

4-2

16

Beginning

16

6-2

10

Beginning

3

10
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Student Comments:
“This is too hard”
“Ya I quit”
My Observations:
Some students (including Beth and Lindsay
used calculators)
Student Comments:
“Oh geez”
“I don’t know why”
Many students talked about what Siri says
No comments
No comments
Student Comments:
“We got this guys, we’re only in college”
My Observations:
Professor Smith left the room, so most students
seemed done with the warm-up after only 5
minutes
My Observations:
Professor Smith left the room
Many students used their notes
Most students seemed done after 8 minutes
No Comments
My Observations:
Professor Smith left the room
Many students used their notes
Most students seemed done after 7 minutes
My Observations:
Professor Smith left the room
Many students thought before writing
My Observations:
Professor Smith left the room
Many students seemed to be done in 5-10
minutes
Student Comments:
“Oh dear”

In terms of analyzing the warm-up responses for this study, I focused on the main
participants (i.e., prospective teachers and Lindsay). I used open and axial coding (Creswell &
Creswell, 2018) to create themes for how the participants responded to the secondary student in
the various tasks and to note what connections they made to the abstract algebra content (see
Tables 34-41). Sammy was the only participant who was absent for some of the warm-up
activities. Her responses for Warm-ups 3 and 6 are not included in the tables due to absences.
Table 34
Responses and Connections to Abstract Algebra on Warm-Up 1 and 1-2
Warm-Up 1
Brief description of task: Asked participants to respond as if they are a 7th grade teacher to a
student who is asking why a negative number times a negative number is a positive number
(they were given a sample conversation where they were asked to fill in how they would
respond)
Warm-Up 1
Warm-Up 1-2
• Number Line (1)
• Number Line (3)
Themes for
• Rule/Memorization (1)
their
• Rule/Memorization
Responses
(3)
• Proof (2)
(Number of
• Multiplication as
• Ring Properties (4)
Participants
Repeated Addition (2)
• Language of “Inversing the Inverse”
with
• Language of “Double
(1)
Response)
Negative” (1)
• Cited Proof (1)
5 out of 7 participants made connections:
• Commutativity (1)
Connections
• Properties of Additive Identity (1)
Made to
• Distributive Property (2)
Abstract
• Additive Inverse (3)
Algebra
None
• Rings (2)
(Number of
• Mathematical Practice (writing a proof)
Participants
(1)
with
• Division Algorithm and Prime
Response)
Numbers (mentioned by Van as
possible relevant concepts) (1)
While the initial tasks provided the opportunity for participants to comment on their responses to
secondary school students, the second implementation included a question that asked participants
to comment on how the secondary content related to abstract algebra. Warm-ups 2-2 and 3-2
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were done mostly verbally with the main student participants during their end of semester
interview.
Table 35
Responses and Connections to Abstract Algebra on Warm-Up 2 and 2-2
Warm-Up 2
Brief description of task: Asked participants to solve a system of linear equations and
justify/explain each step, citing any properties they might have used
Warm-Up 2
Warm-Up 2-2
• Method of Elimination (5)
Themes for
• Method of Substitution (2)
their
• Method of Elimination (6)
Responses
• Ring Properties (6)
(Number of
• Method of Substitution (1)
• Equivalence Relations/ Classes
Participants
(2)
• Properties of Equality (2)
with
• Memorization (1)
Response)
• Rule (1)
6 out of 7 participants made
connections:
• Additive/Multiplicative
Connections
Inverses (5)
Made to
• Additive/Multiplicative
Abstract
Identities (5)
Algebra
• Equivalence Classes and
None
(Number of
Relations (2)
Participants
• Associativity (1)
with
• Distributive Property (2)
Response)
• Matrices (1)
• Commutativity of Rational
Numbers (1)
In Warm-Up 2-2 all participants who made connections were able to use some of the ring
properties listed in Table 35 to justify their steps.
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Table 36
Responses and Connections to Abstract Algebra on Warm-Up 3 and 3-2
Warm-Up 3
Brief description of task: After being given a mathematics content standard for 7th grade
about division (including not dividing by zero), participants were asked how they would
respond to a 7th grade student who asked why the divisor cannot be zero
Warm-Up 3
Warm-Up 3-2
• Ring Properties (2)
• Definition of Divisibility (1)
• Concrete Example (1)
• Concrete Example (4) –
• No Multiplicative Inverse for Zero
pizza, cookies, candy,
Themes for
(1)
pencils
their
• Division is Inverse Operation of
Responses
• Concrete Explanation
Multiplication (1)
(Number of
(1)
• Didn’t Solve (4)
Participants
• Proof by Contradiction
• Zero Divisors (1)
with
(1)
• ℤ𝑛 (1)
Response)
• Multiplication as (1)
• Units (2)
Repeated Addition
• Explored Multiple Approaches (1)
• Multiplication as Repeated Addition
(1)
5 out of 7 participants made connections:
Connections
• Additive Identity (3)
Made to
• Multiplicative Inverse (2)
1 out of 7 participants made a
Abstract
disciplinary practice
• Divisibility (1)
Algebra
(Number of connection:
• Zero Divisors (1)
Participants
• Proof by Contradiction
• Modular Arithmetic (1)
with
• Units (2)
Response)
• Division Algorithm (1)
The theme “concrete example” referred to a participant explaining why division by zero would
not make sense within the context a single concrete example. On the other hand, “concrete
explanation” meant that the participant explained that it wouldn’t make sense to try to divide
something into “zero parts,” but did not explain in a specific context.
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Table 37
Responses and Connections to Abstract Algebra on Warm-Up 4 and 4-2
Warm-Up 4
Brief description of task: Participants were told they were helping their parents, a high
school mathematics teacher, check high school students’ homework and then asked if the work
of a student was correct and explain why or why not (misuse of zero product property)
Warm-Up 4
Warm-Up 4-2
• Students’ Work Incorrect (4)
• Participant Misconception
• Students’ Work Incorrect (5)
about Student Work (1)
• Reducible Polynomials (1)
• Plug Solutions Back in (5)
• Factors (1)
• Alluded to Zero Product
• Showed Correct Solution (4)
Property (4)
• Factoring (1)
• Listed Factors of 6 (1)
• Students’ Work Partially
• Showed Correct Solution (3)
Correct (2)
• Factoring (1)
• Alluded to Zero Product
• Quadratic Formula (1)
Themes for
Property (2)
their
• Concrete Number
• Different in ℤ𝑝 [𝑥] (1)
Responses
Counterexample (1)
• Explained Zero Product
(Number of
• Tested Student Method (1)
Property (1)
Participants
• Recognized Student Method (1)
• Infinitely Many Factors of 6
with
• Showed Incorrect Solution (1)
(1)
Response)
• Student Work Almost Correct
• Correct in ℤ6 (2)
(1)
• Rule that it Should be Equal
• Student Mistake in Writing
to 0 (1)
“or” (1)
• Explained Student Method (1)
• Difficulty Analyzing Student
• Domain Property (2)
Understanding/Thinking (1)
• Zero Divisors (1)
• Multiple Solutions Important
• Equivalence Classes (1)
for Teachers (1)
• Polynomial Rings (1)
• Provided Way to Make Student
Method Work (1)
6 out of 7 participants made
Connections
connections:
Made to
• Reducible Polynomials (1)
1 out of 7 participants made a
Abstract
• Factors of a Polynomial (2)
connection:
Algebra
• ℤ𝑝 [𝑥] and ℤ6 (2)
• Implied that 0 is a Special
(Number of
Element with Particular
• Domain Property (2)
Participants
Properties (1)
• Zero Divisors (2)
with
• Equivalence Classes (1)
Response)
• Polynomial Rings (1)
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Table 38
Responses and Connections to Abstract Algebra on Warm-Up 5 and 5-2
Warm-Up 5
Brief description of task: Had three questions/opportunities to respond to a middle-school-aged
brother about operations with fractions and common denominators
Warm-Up 5
Warm-Up 5-2
• Student Correct (4)
• Student Correct (5)
nd
• (2 ) Less Proper Method (2)
• Multiplication/Division Changes
Denominator (1)
• (3rd) More Difficult/
Unnecessary Work (4)
• Addition/Subtraction Need Same
Size Pieces (1)
• Rule/Memorization (3)
• Non-Standard Method (1)
• Checked Student Method
with Additional Examples (2)
• Unnecessary Work (2)
• Participant Never Learned
• Rule/Memorization (2)
Why (1)
• Division Algorithm (1)
• (2nd/3rd) Method May Not
• (2nd/3rd) Method May Not
Always Work (4)
Always Work (3)
•
Add/Subtract
Same
Whole
•
Divisibility (1)
Themes for
(2)
• (2nd/3rd) Less Proper Method (1)
their
• Concrete Example (3)
• Not Seeing Connections (2)
Responses
•
Showed/Explained
Standard
(Number of
• Add/Subtract Same Whole (2)
Method (5)
Participants
• Multiply/Divide New Whole (1)
• (3rd) Interesting Method (1)
with
• Zero Divisors (1)
Response)
• (3rd) Encourage Standard
• Equivalence Classes (3)
Method (2)
• (3rd) Interesting Method (1)
• Correct Answer Matters Most
• Ring Axioms (1)
(1)
• Concrete Example (2)
• Real Life Examples Help
• Showed/Explained Standard
Students (1)
Method (1)
• Participant Miscalculation (1)
• Well-Defined Operation (1)
• Unsure How to Respond (1)
• Use Advanced Mathematical
• Wants to See Connections (1)
Language (1)
• Multiplying Fractions as
Repeated Addition (1)
• Multiplicative Inverse (1)
6 out of 7 participants made connections:
Connections
• Properties of the Ring ℚ (1)
Made to
• Division Algorithm (1)
Abstract
• Equivalence Classes (3)
Algebra
None
(Number of
• Zero Divisors (1)
Participants
• Ring Properties (1)
with
• Well-Defined Operations (1)
Response)
• Multiplicative Inverse (1)
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Table 39
Responses and Connections to Abstract Algebra on Warm-Up 6 and 6-2
Warm-Up 6
Brief description of task: Given a high school student who claims that if 𝑓(𝑥) = 4𝑥 + 7 then
1
𝑓 −1 (𝑥) = 4𝑥+7 ; the warm-up asked participants if the student is correct/why or why not?
Warm-Up 6
Warm-Up 6-2
• Student Incorrect (6)
• Student Incorrect (6)
• Implied Student Incorrect (1)
• Procedural (3)
• Procedural (1)
• Showed Correct
• Showed Correct Solution (5)
Solution (6)
• Showed Correct Answer (1)
• Graphical
• Function Composition (4)
Representation (1)
• Function Composition Binary Operator
• Reciprocal (3)
in Group
• Inverse “Undoes” the
• Memorization (2)
Themes for
Function (2)
• Used Ring Properties to Justify Steps
their Responses
• Labeled Standard
(1)
(Number of
Method as Proper
• Reciprocal (2)
Participants
Method (1)
• Multiplicative Inverse (3)
with Response)
• Multiplicative
• Invertible Elements in a Group or Ring
Inverse (1)
(1)
• Function
• Identity Element 𝑥 (1)
Composition (1)
• Guaranteed Existence of 𝑓 −1 (𝑥) (1)
• Different Types of
• Multiplicative Identity (1)
Inverses (1)
• Different Types of Inverses (1)
• Notational
• Domain of 𝑓 Should Equal Range of
Misunderstanding (1)
𝑓 −1 (1)
• Memorization (1)
• Isomorphisms (1)
5 out of 7 participants made connections:
• Function Composition (3)
• Additive Inverse (1)
• Multiplicative Inverse (2)
Connections
• Multiplicative Identity (1)
1 out of 7 participants made
Made to
connections:
• Distributive Property (1)
Abstract
• Multiplicative
• Ring ℤ[𝑥] (1)
Algebra
Inverse
• Invertible Elements in Group or Ring
(Number of
•
Function
(1)
Participants
Composition
• Function Composition as Binary
with Response)
Operator in Group (1)
• Identity Element in Group (1)
• Group Ensures Existence of 𝑓 −1 (𝑥) (1)
• Isomorphisms (1)
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Warm-Up 6 was set up differently than the other warm-up activities. Instead of asking
participants to respond to the student, the directions asked them to analyze the student thinking
(was the student correct; why or why not, what did they understand/not understand, etc.) and
comment on how it related to what they had been learning in abstract algebra.
Table 40
Responses and Connections to Abstract Algebra on Warm-Up 7
Warm-Up 7
Brief description of task: Asked participants how they would respond to a pre-calculus
student they are tutoring who asked if it is always true that 𝑓(𝑎 + 𝑏) = 𝑓(𝑎) + 𝑓(𝑏) since
they learned that (𝑓 + 𝑔)(𝑎) = 𝑓(𝑎) + 𝑔(𝑎) and asked how this related to what they had been
learning in abstract algebra
• Not Always True (6)
• Concrete Counterexample (4)
• Student Trying to Use Distributive Property (3)
• Related to Homomorphism (6)
Themes for their
• Correctly Defined Homomorphism (1)
Responses
• True if Domain and Range of 𝑓 are Rings (1)
(Number of
• Related to Isomorphisms/Rings (2)
Participants
• True for Linear Bijections (1)
with Response)
• Always True (1)
• Student Using Associative and Distributive Properties (1)
• Example and Counterexample (1)
• Student Distributing Functions and Variables (1)
7 out of 7 participants mentioned possible connections; however, only 5
Connections
out of 7 participants seemed to understand the material/ make meaningful
Made to
connections:
Abstract
• Ring (3)
Algebra
• Homomorphism (6)
(Number of
• Isomorphism (1)
Participants
• Associativity (1)
with Response)
• Distributive Property (1)
For Warm-Up 7, Sammy was the one participant who indicated that what the student claimed is
always true (which is incorrect). She mentioned that it related to the “structural properties” they
had been learning about in abstract algebra and that the associative property applies to rings.
Thus, while she mentioned concepts that related to abstract algebra in her response, she did not
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seem to make meaningful connections or understand the material. Similarly, Danielle stated that
the student’s claim was not always true but thought that it would be always true as long as R and
S in the function 𝑓: 𝑅 → 𝑆 were both rings (which is not true). She mentioned that the secondary
content related to rings, homomorphisms and isomorphisms but did not correctly define any of
those terms or demonstrate a meaningful connection between secondary school mathematics and
abstract algebra. Thus, these two participants mentioned possible connections, but are not part of
the five participants who seemed to understand the material/make meaningful connections.
Table 41
Responses and Connections to Abstract Algebra on Warm-Up 8
Warm-Up 8
Brief description of task: Asked participants how they would explain multiplying two
binomials together to a middle or high school student and how it related to what they had been
learning in abstract algebra
• Demonstrated how to “FOIL” (7)
• Polynomial Ring (1)
• Number Systems (1)
• Combine Like Terms (2)
Themes for their
• Distributive Property in the Integers (1)
Responses
• Polynomial Arithmetic/Polynomials (2)
(Number of
• Procedural (1)
Participants
• Might Relate to Rings (1)
with Response)
• Conceptual Explanation (1)
• Double Distributive Property (2)
• Mathematical Practice Connection (1)
• Explained “FOIL” (2)
7 out of 7 participants mentioned possible connections; however, only 2
out of 7 participants seemed to really be able to see meaningful
Connections
connections:
Made to
• Polynomial Ring (2)
Abstract
• Number Systems (1)
Algebra
• Distributive Property (2)
(Number of
• Polynomial Arithmetic (1)
Participants
• Might Relate to Rings (1)
with Response)
• Strategy of Breaking the Problem into Smaller Components
(mathematical practice) (1)
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Recall that some of the most important connections to abstract algebra that were identified by
abstract algebra faculty in Stage One included connections to algebraic structures (and their
properties), polynomial rings, equivalence relations, groups, binary operators,
homomorphisms/isomorphisms, equivalence classes, and zero divisors. These are all connections
that the main student participants were able to make throughout the warm-up activities. In fact,
the most common connection main student participants were able to make on the warm-up
activities was identified as the most important connection as identified by abstract algebra
faculty – the connection between the ring properties (e.g., multiplicative/additive inverses and
identities, associativity, distributivity) in abstract algebra and various secondary school
mathematics concepts (e.g., solving equations, operations with fractions, functions).
Interviews. In this section the results from the individual interviews with all main participants,
including Professor Smith, and the group interview with the prospective teachers will be
presented.
To analyze all interviews, including the group interview, I watched the video recordings
and partially transcribed them. This often involved summarizing what they said and recording
specific quotations. Once I completed the partial transcriptions, I then looked for evidence of
participant goals, conceptions about mathematics, and making connections between abstract
algebra and secondary school mathematics. In the following sections I will focus on presenting
results regarding the four components of my conceptual framework in the context of each of the
interviews conducted. See Figure 7 for a reminder of the framework from Chapter 2 (Figure 1).

97

Figure 7
Conceptual Framework

Initial interviews. Throughout the initial interviews I explored both Professor Smith’s explicitly
stated goals for the course and what the prospective teachers thought were his goals. These goals
have been labelled “perceived goals of Professor Smith (from the perspective of the prospective
teachers).” Both sets of goals are shown in Table 42.
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Table 42
Pre-Course Goals and Perceived Goals/Expectations of Professor Smith
Perceived Goals of
Professor Smith
(from the perspective of
the prospective teachers)

Goals of Professor Smith
(from his perspective)
General Goals for All Students:
• Convince students there are important questions they
should explore in the course and “resolve each question”
• Ask students what they think when time allows
• Make sure they get through the planned material
• Adjust the pace of the course, if needed, based on the
students
• Convince the students that what they’re learning is
important and “fundamental”
• Point out connections to secondary school mathematics as
they come up (by “observing them as they go by”)
• Teach students to not make assumptions and learn to pick
apart and reassemble ideas they might have about
mathematics
• Help students see that “easy” secondary school questions
may not actually be easy to answer
• Promote (or at least not prevent) students’ curiosity and
questions throughout class discussions
• Help students “figure out what’s the nature of number
systems and their algebra”
• “Model the importance of knowing what we’re talking
about”
Specific Goals for Future Teachers:
• Help them become knowledgeable about the different
operations and the hierarchy of those operations
• Equip future teachers to “enable their own students to
come to grip with some properties of features of number
systems”
• Help them to see that abstract algebra provides a way to
answer their own future students’ questions
• Given them a behind the scenes look into what goes into
the material they’re teaching

Perceived Expectation for
Students:
• Work hard
• Try their best
• Show up to class
• Put time/effort in
problem sets
• Pay attention/be
engaged
• Give feedback (even
just nodding)
• Take notes
• Not to give up
• Ask questions
• Go to office hours
Perceived Goals for
Students:
• Understand the
core/basic ideas of
what Professor Smith
teaches (it’s okay to not
understand everything)

In addition to exploring the goals of Professor Smith, I also explored the goals of the
prospective teacher participants and graduate student with prior teaching experience. Participants
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had commonalities in their goals (e.g., at least two participants shared the goal) as well as
individual goals that other participants did not share. The common goals are presented in Figure
8 while the goals that only pertained to a single, individual participant are presented in Table 43.
Figure 8
Commonalities in Student Participant Course Goals from Initial Interviews

Commonalities in Student Participant Course Goals
Be organized and ready to work hard
Go to office hours regularly
Do well in the course
Study a lot (collaboratively with other students and
independently)
Take book notes and/or re-copy class notes
Complete problem sets and practice problems
Avoid procrastination/keep up with the work
Learn what abstract algebra is
Become more confident in mathematics
Understand some of abstract algebra
Improve proof writing skills
0

1

2

3

4

5

6

7

While only five of the seven participants stated that their goal was to do well in the course, the
other two participants stated in later interviews that one of their goals was also to do well in the
course. In particular, Beth explicitly stated later in the semester that her goal was to get an A in
the course, as was her goal in all classes.
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Table 43
Specific, Individual Main Student Participant Course Goals from Initial Interviews
Participant Name
Lindsay

Michelle

Sammy
Scott
Danielle
Van

•
•
•
•
•
•
•
•
•
•

Participant’s Goals for the Abstract Algebra Course
Gain a deep understanding of abstract algebra
Prepare for doctoral level algebra
Learn how to explain why a negative times a negative is a
positive
Focus on learning and being challenged instead of the letter
grade
Watch YouTube videos
Figure out if she has a passion for pure math/if she can succeed
Learn to teach students how to write proofs
Be engaged during lecture
Try not to look at phone during class
Learn different problem-solving skills that can be applied to
other subjects

Another area that I focused on during my analysis of the initial interviews was on
references to connections between abstract algebra and secondary school mathematics. For
Professor Smith, I noted when he mentioned connections and whether or not those connections
impacted his pedagogical choices. For the student participants I took note of the references they
made to connections to secondary school mathematics, but also noted any evidence of the
participant making a connection. For example, a student might say that solving an equation has
something to do with the structures they learned about in abstract algebra but may not have made
a meaningful connection between the two subjects. This would be classified as a reference to the
connection, but not making a connection on its own. Additionally, for the student participants I
also took note of any evidence that making the connection to secondary school mathematics
impacted the participant’s perceived value of the course and/or their learning in the course. None
of the student participants showed any evidence that making the connections impacted their
learning or perceived value of the course until the end of semester interviews. The data regarding
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the connections all participants referenced in the initial interviews is summarized in Tables 44 –
51.
Table 44
Professor Smith’s References to Connections Between Abstract Algebra and Secondary School
Mathematics in Initial Interview
References to Connections Between Abstract Algebra
and Secondary School Mathematics
•
•
•

•
•

•
•
•
•

•

Motivation for the abstract algebra sequence stems from
the question about the existence of a “quintic formula”
Exploring properties of rational numbers so you know
that you can trust yourself when you factor numbers
Connections between the concrete ideas that students
learn about in secondary mathematics (about number
systems and arithmetic) to thinking more
broadly/abstractly about them in abstract algebra
Abstract algebra provides future teachers a look at what
goes into the material that they will someday teach
Polynomials: in secondary school they are often viewed
as a rule of a function or something to substituted
numbers into but in abstract algebra they are viewed as
objects in the structure of a ring
Connection between principal ideals, maximal ideals,
and quotient rings and irreducibility of polynomials
Binary operations relate to how much of secondary
school mathematics is rooted in binary operations
Binary operations within the integers and the Euclidean
Algorithm, GCF, and LCM
Division Algorithm helps to understand why
division/arithmetic may be “flawed” in terms of binary
operations
Integer factorization and reducibility and irreducibility
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Evidence of the Connections
Impacting Pedagogical
Choices
•

•

•

He planned on explicitly
telling students about how
they have learned about
these sets of numbers
before and then “dip them
in” to the idea of these
number systems
algebraically as opposed
to set theoretically
Being aware of
connections that might be
interesting to future
teachers leads him to
declaratively tell students
about those connections in
class and take the time to
mention them
He oriented office hours
conversations with
teachers more towards the
connections to secondary
school mathematics

Table 45
Danielle’s References to Connections in Initial Interview
References to Connections Between Abstract Algebra and
Secondary School Mathematics
•
•

•

Abstract algebra does not relate to secondary school
mathematics like 2𝑥 − 4
Thought that future teachers were required to take abstract
algebra to help them better understand the material they will be
teaching (did not seem confident in her claim)
She thought that Professor Smith gave the first warm up as a
way to preview what’s to come – that they would be looking at
why things work the way they do in mathematics

Connections
Participant Actually
Seemed to Make

None

Table 46
Lindsay’s References to Connections in Initial Interview
References to Connections Between Abstract Algebra and
Secondary School Mathematics
•

•

•

She used some of the teaching strategies that were modeled for
her in abstract algebra when she was a secondary mathematics
teacher
She did not see any connections between abstract algebra and
secondary school mathematics in terms of the content from her
undergraduate course experience
Continued to struggle to see connections in Professor Smith’s
course

Connections
Participant Actually
Seemed to Make

None

Table 47
Sammy’s References to Connections in Initial Interview
References to Connections Between Abstract Algebra and
Secondary School Mathematics
•

Mentioned that there doesn’t seem to be much of a connection
since she hadn’t even heard of abstract algebra when she was in
high school
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Connections
Participant Actually
Seemed to Make
None

References to Connections Between Abstract Algebra and
Secondary School Mathematics
•
•
•

Connections
Participant Actually
Seemed to Make

The proof part of abstract algebra is related to secondary
teaching – she gave it a score of 8/10 based on proofs
Also mentioned that she used proof techniques in secondary
lesson plans for other courses
Does not know what abstract algebra is so she was unsure how
it would relate to secondary school mathematics

Table 48
Michelle’s References to Connections in Initial Interview
References to Connections Between Abstract Algebra and
Secondary School Mathematics
•
•

•
•

Claimed that there are connections between “complex things”
in courses like abstract algebra and “basic knowledge of math”
Made a comment that learning abstract algebra will allow her to
know more about secondary school subject matter than her
future students
Struggling in abstract algebra will help her understand how her
future students will feel struggling with secondary mathematics
Understanding complex concepts helps gain a deeper
understanding of simple concepts

Connections
Participant Actually
Seemed to Make

None

Table 49
Beth’s References to Connections in Initial Interview
References to Connections Between Abstract Algebra and
Secondary School Mathematics
•
•

Abstract algebra is another “thinking area” than school algebra
Abstract algebra gives you overall knowledge of mathematics
that you can use in your teaching
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Connections
Participant Actually
Seemed to Make
None

Table 50
Scott’s References to Connections in Initial Interview
References to Connections Between Abstract Algebra and
Secondary School Mathematics
• Abstract algebra might be a continuation of school
algebra
• Abstract algebra can provide context for explaining why
secondary concepts work
• The abstract algebra content will not be directly relevant
for teaching
• Courses like abstract algebra are useful because they
allow you to bring in proofs to show how things work
• Notetaking habits in secondary mathematics can be
continued at the university level in courses like abstract
algebra

Connections Participant
Actually Seemed to Make
•

Made connections
between solving an
equation and
multiplicative /additive
identities (unclear if he
remembered them from
secondary school or is
familiar with abstract
algebra)

Table 51
Van’s References to Connections in Initial Interview
References to Connections Between Abstract Algebra and
Secondary School Mathematics
• Does not see how abstract algebra would relate to say
prealgebra in middle school
• Abstract algebra can help future teachers answer high
school students’ questions about why things work the
way they work
• You develop skills in abstract algebra that “you’re able
to pass on” to future students
• Abstract algebra can give you a better understanding of
secondary school mathematics
• Excited about the warm-up activities and thought

Connections Participant
Actually Seemed to Make

None

None of the main student participants were able to show evidence of actually making
connections between abstract algebra and secondary school mathematics during the initial
interviews with the exception of Scott. Through his reference to multiplicative and additive
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identities, it was not clear if he was making a connection or if he remembered this terminology
from secondary school mathematics.
Group interview. For the group interview, only the undergraduate prospective teachers were
invited, and all were able to attend except Beth. I partially transcribed the group interview and
then analyzed the same transcript for each participant taking note of any references they made to
connections between abstract algebra and secondary school mathematics. Sometimes participants
acknowledged or referenced connections but did not show evidence that they actually made a
meaningful connection. These were classified as references while meaningful connections were
classified as “connections participant actually seemed to make.” The results are presented in
Tables 52 – 56.
Table 52
Danielle’s References to Connections in Group Interview
References to Connections Between Abstract Algebra and
Secondary School Mathematics
• Stated that she did not see any connections when doing
the warm-up activities
• Even though she doesn’t see the connections she thinks
that the warm-up activities are helpful for future teachers
who “are like going to be dealing with this everyday”
• Mentioned that the arithmetic problems involving
fractions might be connected to commutativity and ring
properties (when we were discussing warm-up 5)
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Connections Participant
Actually Seemed to Make

None

Table 53
Sammy’s References to Connections in Group Interview
References to Connections Between Abstract Algebra and
Secondary School Mathematics
• Stated that the warm-ups themselves are enough to
convince Sammy that what they were learning in abstract
algebra must be connected to questions students in
secondary mathematics classes were going to someday
ask her

Connections Participant
Actually Seemed to Make

None

Table 54
Michelle’s References to Connections in Group Interview
References to Connections Between Abstract Algebra and
Secondary School Mathematics
• Stated that she was not seeing the connections but since
Professor Smith is giving them the warm-up activities in
class, they must be connected somehow (trusted that it
meant the connections existed
• Michelle claimed that the purpose of the warm-up
activities is to illustrate that what they learned in abstract
algebra can be helpful in explaining lower-level
mathematics
• When Michelle shared her response to Warm-Up 1-2 with
the group, she used terminology like additive inverse
while explaining why negative one times negative one is
positive one to a 7th grade student (implying a connection)
• Michelle pointed out after they discussed Warm-Up 1-2
that the concepts in abstract algebra can be “watered
down” for middle schoolers (e.g. additive inverse,
multiplicative identity, distributive property)
• In the interview she talked about how you have to forget
your prior knowledge in abstract algebra to make it less
confusing – seemed like it was difficult for her to reshape
her prior understanding to fit with the abstract algebra
content
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Connections Participant
Actually Seemed to Make

•

After they had discussed
all the warm-up activities
and were defining abstract
algebra as a group
Michelle stated that ring
properties can be used to
explain why a negative
times a negative is a
positive

Prior to the group interview I looked at the prospective teachers’ responses to the warm-up tasks
that had been implemented and had made a note that I wanted to ask Michelle to share her
thoughts on Warm-Up 1-2. Based on her written response it seemed as though she had made
meaningful connections between abstract algebra and secondary school mathematics whereas
Sammy had only made a disciplinary practice connection (writing a proof), Scott had referenced
a proof done in class and Van only used the language of inverses. Note that Beth was unable to
attend the interview and Danielle did not see any connections on Warm-Up 1-2. Michelle’s
response is shown in Figure 9.
Figure 9
Michelle’s Response to Warm-Up 1-2
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I was surprised during the interview when Michelle was not confident in sharing her response
and made comments like “this doesn’t make sense.” Michelle mentioned that she had been so
curious about Warm-Up 1 that she had looked it up online after class. She suggested when she
was sharing her Warm-Up 1-2 response that maybe she had remembered something from when
she looked it up previously. While her confidence waivered at times, she also seemed to have
moments throughout where she became excited that she understood how the abstract algebra
content related to the secondary teaching situations. Warm-Up 1-2 and the discussion
surrounding it did not seem to impact the other prospective teachers to the same extent as it did
Michelle, so I thought it was important to discuss.
Table 55
Scott’s References to Connections in Group Interview
References to Connections Between Abstract
Algebra and Secondary School Mathematics
• Scott looked through his notes when the group
was discussing Warm-Up 1-2 and pointed out
that they proved in class that (−𝑎)(−𝑏) = 𝑎𝑏;
however, he and the other participants did not
seem to realize (yet) that that meant there was a
connection between the two subjects
• When discussing Warm-Up 6 Scott was able to
explain that inverses depend on the binary
operation/algebraic structure
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Connections Participant Actually
Seemed to Make
• He recognized that one being the
multiplicative identity played an
important role in showing why a
negative times a negative is a
positive
• He made a connection to abstract
algebra about composition of
functions as a binary operation in
the ring of functions

Table 56
Van’s References to Connections in Group Interview
References to Connections
Between Abstract Algebra and
Connections Participant Actually Seemed to Make
Secondary School Mathematics
• Van seemed to see how you could use the distributive
• Stated that he hoped as the
property and the fact that 1 is the multiplicative
semester went on, they would
identity to prove to a middle school student why a
learn enough abstract algebra
negative times a negative is a positive
to be able to answer the
secondary mathematics
• Made connection of how ring properties help justify
problems posed in the warmthe steps of solving a one-step equation (e.g.,
up activities
associativity, additive inverse, additive identity)
• He appreciated how much
• He was able to identify that the student mistake in
abstract algebra content works
Warm-Up 4 (two factors multiplying to 6 does not
behind the scenes to solve
mean at least one factor equals 6) related to the
simple equations
domain property
Throughout the group interview Michelle, Scott and Van were able to show evidence of making
connections to abstract algebra. In fact, each of them made a connection between algebraic
structures and their properties in abstract algebra to solving a linear equation in secondary school
mathematics.
In order to describe the environment of the group interview and help understand why the
group interview may have impacted some participants more than others, it is important to
describe the prospective teachers’ participation during the interview. In terms of their comfort
level with one another, most of the participants did not know one another. Sammy and Scott
seemed to know one another outside of just recognizing one another from class. I invited the
students to come prior to the group interview to eat pizza together and get to know one another
briefly before we started videotaping. While analyzing the group interview, I explored the
preservice teacher’s participation in the interview by counting every time they spoke or clearly
nodded their heads. A 360-degree camera was used to video record the interview so all
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participants could be seen in the footage used for analysis. Some instances of participants
speaking were long explanations while others were short answers like “yeah” to questions posed
by me or the other prospective teachers. The results are presented in Figure 10.
Figure 10
Frequency of Each Prospective Teacher’s Participation in the Group Interview
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As shown in Figure 10, Michelle and Van participated significantly more than Danielle, Scott
and Sammy. This may have contributed to Michelle and Van making connections to abstract
algebra during the group interview and their future claims that the group interview was
instrumental in them making connections throughout the course.
End of semester interviews. In analyzing the end of semester interviews for Professor Smith, the
prospective teachers, and Lindsay, I once again focused on the main components of my
conceptual framework. In Table 57, I summarized the goals and perceived goals of Professor
Smith based on the end of semester interviews.
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Table 57
Retrospective Course Goals of Professor Smith and Students’ Perceptions of Them
Goals of Professor Smith
(from his perspective)

Goals for Students:
• Help students build a
strong foundation at the
beginning of the course so
they do not have to backfill
later (be thorough
• Help students gain a
broader view when they
come to office hours
• Stated that he “tends to
push [connections]” to
secondary school
mathematics by pointing
them out
• That students would “catch
on” at some point and be
able to make sense of the
material (different timing
for different students)

Perceived Goals of Professor Smith
(from the perspective of the prospective teachers)
Perceived Expectation for Students:
• Learn what you can (don’t need to learn/ understand
everything)
• Write clear proofs that communicate your
understanding
• Work hard and take good notes (because his board
notes were so organized)
Perceived Goals for Students:
• Help students make connections (because participants
got the impression that the “big picture” was
important to Professor Smith)
• Help students learn the abstract algebra content and be
able to communicate their understanding
• Not to necessarily focus on proof structure/writing
• To think deeply and work hard
• Not emphasizing how the material related to
secondary school mathematics since there were other
majors in the class
• Does not value grades as much as understanding (this
was focus during office hours)
• Get through the material
• Share his passion and love for mathematics with his
students

During the end of semester interviews I also took note of any additional goals the student
participants may have had and how their goals may have changed throughout the semester. The
results are show in Figure 11 and Table 58. Once again, they are divided into common goals that
two or more participants shared and individual goals.
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Figure 11
Commonalities in Student Participant Revised Course Goals from End of Semester Interviews
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in the future (courses, teaching, etc.)
Went from wanting to understand material/do
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set and passing the course (survival mode)
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Improve proof-writing, mathematical skills, and/or
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As shown in Figure 11, one of the most common comments participants made in their end of
semester interviews was how they went from wanting to do well to survival mode in terms of
just completing assignments and passing the course.
Table 58
Specific, Individual Main Student Participant Revised Course Goals from End of Semester
Interviews
Participant Name
Beth

Participant’s Revised Goals for the Abstract Algebra Course
• Maintained goal of getting an A in the course
•

Michelle
•
Sammy
Scott
Danielle
Van

•
•
•
•

Wanted to make connections to secondary school mathematics in
“mathematics” courses like abstract algebra
Wanted to learn how to answer why questions for future students
Kept working hard even if she may not pass the course
Wanted to make connections between and within classes
Wanted to pass the course and be done with it/never use it again
Wanted to go to more of Professor Smith’s office hours in Abstract
Algebra II
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During the end of semester interviews I analyzed the transcriptions and looked for
references made to connections between abstract algebra and secondary school mathematics. I
gave the student participants a secondary mathematics equation to solve to provide an
opportunity for them to illustrate connections they made between abstract algebra and secondary
school mathematics and also gave one to Professor Smith. I asked Professor Smith to solve the
equation and justify his steps citing any properties he used and explaining his process along the
way. This provided an opportunity to compare connections that the instructor identified to the
ones the participants made. The results regarding the connections referenced by all participants
are summarized in Tables 59 – 66.
Table 59
Professor Smith’s References to Connections Between Abstract Algebra and Secondary School
Mathematics in End of Semester Interview
References to Connections Between Abstract Algebra and
Secondary School Mathematics
•

•

•

•
•

He claimed that connections to secondary school mathematics
were “more in the air” during the semester possibly because
of the warm-up activities
He was impressed by how much thought the students put into
their warm-up responses and thought that suggested that they
were really thinking about the connections
When solving the secondary mathematics equation, he said it
reminded him of polynomials (important topic in abstract
algebra)
Solving equations relates to the logical, axiomatic structure of
abstract algebra
Abstract algebra gives teachers a deeper understanding of the
material they teach so that they can answer their students’
why questions without seeing them as a “nuisance”
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Evidence of the
Connections Impacting
Pedagogical Choices

•

He mentioned that in
the future he might
use the warm-ups to
inform his pacing in
the abstract algebra
course

Table 60
Beth’s References to Connections in End of Semester Interview
References to Connections Between Abstract Algebra and
Secondary School Mathematics
•
•
•
•
•

Commented that abstract algebra is important because you
learn how the integers work
Stated that she was confident that she would use the abstract
algebra material in her secondary school teaching, but she
struggled to envision the specifics of how she would use it
She stated that rings and irreducible polynomials were
related to factors
Claimed the only time she made connections was during the
warm-up activities (they helped her pause)
She said that the mathematics from the warm-up activities
was all an application of what they learned in abstract
algebra

Connections
Participant Actually
Seemed to Make
•

•

Connected additive
and multiplicative
inverses and
identities to solving
linear equations
Able to assume
associativity when
you’re working
within a ring

Table 61
Lindsay’s References to Connections in End of Semester Interview
References to Connections Between
Abstract Algebra and Secondary School
Mathematics
• When discussing how relevant abstract
algebra is for future teachers, she said
that proving properties about the additive
inverses and multiplying them together
deepened her understanding of abstract
algebra
• She felt she didn’t see the mathematical
connections well enough for it to impact
her teaching content
• She mentioned the abstract algebra
concept units when discussing why
division by zero is undefined
• Mentioned that she thought that if she
had been given the warm-up activities in
her undergraduate course she might have
been able to make more connections and
it might have changed her perspective of
the course
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Connections Participant Actually Seemed
to Make
•

•

•

•

She pointed out that the structure/
properties regarding additive inverses
connected to understanding how our
number systems work
She saw pedagogical connections of
wanting to imitate some of the things
Professor Smith did in class in her own
teaching (organized board work, etc.)
Saw how solving equation connected to
additive and multiplicative inverses as
well as additive and multiplicative
identities
Zero, as the additive identity, does not
have a multiplicative inverse so
division by zero is undefined (because
the multiplicative inverse of zero would
be the same as dividing by zero)

Table 62
Danielle’s References to Connections in End of Semester Interview
References to Connections Between Abstract Algebra and
Secondary School Mathematics
•

•
•

•

•

Claimed that you would not need abstract algebra to teach
middle or high school mathematics in general; only to
answer the why questions students ask
Doing the warm-up activities was the only time she thought
about the connections
Said the most important part of the warm-up activities was
that they explicitly said you’re talking to a secondary student
and that the math was “basic math”
When solving the secondary equation, she mentioned using
the additive inverse and additive identity (after being
prompted by me asking questions)
She thought she would have made more connections if she
had understood the material at a deeper level

Connections
Participant Actually
Seemed to Make

•

The algebraic
structure of a ring
allows you to
define addition and
multiplication in
“different ways”

For Beth, Lindsay, and Danielle showing evidence of making connections between abstract
algebra and secondary school mathematics did not necessarily mean that they showed evidence
that making those connections impacted their learning or perceived value of the abstract algebra
course. However, for Michelle, Sammy, Scott, and Van I was able to see evidence through their
responses of how making connections changed the participants’ perspective and/or approach to
the course. These shifts could be best described as impacting their learning and/or perceived
value of the course.
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Table 63
Michelle’s References to Connections in End of Semester Interview
References to Connections
Between Abstract Algebra and
Secondary School Mathematics
•
•
•

•

•
•

•

Stated that abstract algebra
can be used to explain
“basic high school topics”
Claimed that a lot of
mathematics is “grounded
in abstract algebra”
Abstract algebra can help
provide explanations for
secondary school student’s
why questions
Talked about how warm-up
activities and group
interview helped her see
that abstract algebra could
be approached “through the
lens of a math teacher” and
she wanted to do that more
Claimed rings are important
for secondary mathematics
teachers to understand
She explained that with
Warm-Up 4 her response
was from the perspective of
“a student” but after the
group interview, when she
did Warm-Up 4-2 she felt as
though “[her] brain [had]
been tweaked in the sense
that [she tried] to…think
about [the warm-ups] in a
way that’s like abstract
algebra not high school
math”
Explained why zero would
not need a multiplicative
inverse in the context of
solving secondary equations

Connections Participant
Actually Seemed to
Make
•

•

•

•

Stated that
commutativity and
associativity are
taught in secondary
school but are
“rooted in abstract
algebra”
Stated that concepts
like multiplicative
and additive inverses
and multiplicative
and additive
identities that are
used in solving
equations are part of
the structure of a
ring
Claimed the warmup activities gave
her “direct
connections” but
they might have
been stronger if she
better understood the
abstract algebra
material
Made disciplinary
practice connection
between how
students struggle
with secondary
school mathematics
and how she
struggled with
abstract algebra
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Evidence that Making
Connections Impacted
Participant’s Learning or
Perceived Value
• Claimed that the warmup activities gave her a
deeper appreciation for
the course material and
see why abstract
algebra was important
for her as a future
teacher
• Said she may have
believed professors if
they had told her
abstract algebra related
to secondary teaching,
but the warm-up
activities helped her see
the value in the course
herself
• Discussing the
connections in the
group interview
seemed to give her
confidence that
impacted her approach
to the course
• Could specifically
describe how her
abstract algebra
knowledge would help
her describe
mathematics problems
in “slow motion” to her
future students making
it an important course
• Seeing connections
gave her “motivation”
and “appreciation” and
“kept her going” in the
course

Table 64
Sammy’s References to Connections in End of Semester Interview

References to Connections Between Abstract
Algebra and Secondary School Mathematics

•

•

•
•

•

•

Claimed that abstract algebra gives you a
backstage pass to what teachers would be
teaching secondary mathematics students
Stated that the warm-ups were helpful in her
seeing that connections existed, but she
didn’t understand the abstract algebra
content well enough to really make the
connections herself
Found the warm-ups where they had to
analyze student solutions the most helpful
Even more meaningful than doing the
warm-up activities was discussing them at
the group interview
Eventually mentioned that 0 and 1 were
identity elements after being asked quite a
few questions
Claimed that she made a connection
between solving equations in secondary
school mathematics and identity elements
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Connections
Participant
Actually Seemed
to Make

Evidence that
Making
Connections
Impacted
Participant’s
Learning or
Perceived Value

•

None

Seeing that
the
connections
existed helped
her
understand
why the
course was
required (saw
it as more
valuable)

Table 65
Scott’s References to Connections in End of Semester Interview

References to Connections Between Abstract
Algebra and Secondary School Mathematics

•

•

•

•
•

•

Abstract algebra allowed him to
understand why and how things work in
secondary school mathematics
Abstract algebra provides a strong
foundation for future teachers to
understand the bigger picture of
mathematics (broader structure)
Proofs from abstract algebra could be
adapted and shown in secondary school
mathematics
Abstract algebra generalizes school
algebra
Abstract algebra helped him treat concepts
like matrices and polynomials as objects
that have their own structure
Understanding modular arithmetic helped
him understand the integers at a deeper
level and he wondered if there was a way
to integrate that into secondary curriculum
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Connections
Participant Actually
Seemed to Make

•

•

Made
connections
between
additive/
multiplicative
inverses,
additive/
multiplicative
identities, and
equivalence
classes and
solving
secondary
equations
Equivalence
classes and
solving a system
of linear
equations

Evidence that
Making
Connections
Impacted
Participant’s
Learning or
Perceived Value

•

Seeing the
connections
and doing
proofs that
related to
secondary
content gave
him more
confidence in
explaining
how
mathematics
works

Table 66
Van’s References to Connections in End of Semester Interview

References to Connections Between
Abstract Algebra and Secondary School
Mathematics

•

•

•

•

•
•

•

•

Connections Participant
Actually Seemed to Make

•

Abstract algebra explained how and
why secondary school mathematics
works
Abstract algebra can help teachers
answer student’s why questions and
broaden their view of mathematics to
find multiple ways to approach
problems
He did not think he could have made
connections without the warm-up
activities
Sometimes the notation being the same
in both abstract algebra and secondary
school mathematics hindered him in
understanding the abstract algebra
material
A few practice problems made him
think of secondary school mathematics
The group interview discussions about
how ring properties justify the steps of
solving an equation stayed with him
The method of substitution for solving
a system of linear equations reminded
him of equivalence classes
Making connections to secondary
school mathematics through the warmups helped him understand why rings
were important to learn

•

•

•
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Participant claimed
that the main
connection he made
is between learning
about the structure of
the integers and real
numbers and
how/why arithmetic
and algebra works
within those
structures and
teaching secondary
school students
arithmetic and
algebra
Concepts of additive
and multiplicative
inverses and
identities is
connected to solving
secondary equations
Use information
about zero as the
additive identity to
explain why division
by zero is undefined
Function composition
as a binary operator
in a group

Evidence that
Making
Connections
Impacted
Participant’s
Learning or
Perceived Value

•

Seeing
connections
improved
his
perceived
value of the
course

Throughout these interviews, the one connection that five of the seven student participants
consistently made was between the algebraic structures of the rational number (e.g., concepts of
additive and multiplicative inverses and identities) and solving secondary mathematics
equations. Sammy and Danielle were the only two participants who did not show evidence of
making that connection, but they both mentioned identities and/or inverses when prompted.
Six of the seven student participants were either continuing their study of abstract algebra
during the following semester and/or they were taking a course related secondary school
mathematics. These participants were chosen to participate in Stage Three which consisted of a
follow-up interview at the end of the semester following their introductory abstract algebra
course. Table 67 shows the relevant course plans for the participants invited to follow-up
interviews.
Table 67
Student Participant Spring 2020 Relevant Course Plans
Participant
Van
Scott
Sammy
Michelle
Beth
Lindsay

•
•
•
•
•
•
•
•

Spring 2020 Relevant Course Plans
Abstract Algebra 2 with Professor Smith
Education course that would require secondary school mathematics
observations
Retook introductory abstract algebra course with a different professor
Course titled “Analysis of Secondary School Mathematics”
Course titled “Analysis of Secondary School Mathematics”
Abstract Algebra 2 with Professor Smith
Course titled “Analysis of Secondary School Mathematics”
Abstract Algebra 2 with Professor Smith

During the end of semester interviews I also checked with the student participants to
gauge how much they were considering secondary school teaching. Michelle and Sammy were
both confident that they wanted to become secondary school mathematics teachers as a career.
Beth was still planning on becoming a teacher to get experience before entering a Ph.D. program
121

in Mathematics Education. Scott was still considering Teach for America but was also waiting to
hear back from Ph.D. programs. Van and Danielle were no longer considering teaching as a
future career options. Lindsay did not plan on teaching secondary school mathematics again.
Follow-up interviews. The goal of the follow-up interview was to see how the students’
perspective might have changed with regards to connections between abstract algebra and
secondary school mathematics. During the interview, I asked them to solve a secondary equation
to provide an opportunity for them to think about how the abstract algebra concepts might be
connected to that context. Information about the references to connections and the connections
student participants made can be found in Tables 68 – 73.
Table 68
Scott’s References to Connections in Follow-Up Interview
References to Connections Between Abstract Algebra and
Secondary School Mathematics
•

•

•
•

Claimed that abstract algebra would be helpful for future
teachers (in particular, abstract algebra could help with
student’s why questions and planning lessons)
Seeing secondary school mathematics curriculum is important
to try to make connections in abstract algebra (maybe he could
have made more if he had been more familiar with secondary
school mathematics)
Abstract algebra is foundational to mathematics
Referred to identity properties when solving the equation but
could not remember specific concepts (like
additive/multiplicative inverse or identity)

Connections
Participant Actually
Seemed to Make

None

Scott ended up dropping the education course, so he did not have any interaction with abstract
algebra or secondary school mathematics during the Spring 2020 semester. When Sammy retook abstract algebra, the teaching style of her other professor was very different from Professor
Smith’s and the course switched to remote learning mid-semester due to a global pandemic.
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Beth, Van and Lindsay all mentioned that Professor Smith said that there would warm-up
activities throughout the Abstract Algebra 2 course, but he did not end up implementing any.
Note that their course also switched to remote learning mid-semester due to a global pandemic.
Table 69
Sammy’s References to Connections in Follow-Up Interview
References to Connections Between Abstract Algebra and
Secondary School Mathematics
•

•

Connections
Participant Actually
Seemed to Make

Claimed that she was able to make more connections in
Professor Smith’s class than retaking the course with a new
professor, but they might have been clearer if she had
understood the abstract algebra material better
Claimed that the abstract algebra concepts that related to the
warm-up activities were the concepts she remembered the best

None

Table 70
Michelle’s References to Connections in Follow-Up Interview
References to Connections Between Abstract Algebra and
Secondary School Mathematics
•
•
•
•

•

Claimed that in her secondary curriculum course she often saw
abstract algebra working in the background
She commented that she often used ring properties to explain
secondary school mathematics problems
Abstract algebra helped her break down/explain concepts to
secondary students in a “subtle” way
Beth and Michelle were in the course together and often felt
they recognized the connections to abstract algebra before
other students
She felt that the warm-up activities provided good
explanations to questions she didn’t understand well herself
and prepared her for teaching
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Connections
Participant Actually
Seemed to Make

•

Maintained the
connection
between solving
equation and
additive/
multiplicative
inverses and
identities

Table 71
Van’s References to Connections in Follow-Up Interview
References to Connections Between Abstract Algebra
and Secondary School Mathematics
• Pointed out that the goal of their Abstract Algebra 2
course goal was to figure out how to solve quintic
equations
• Thought abstract algebra might provide a different
perspective of how to present secondary school
material to students

Connections Participant
Actually Seemed to Make
• Maintained connection
between solving an equation
and additive/ multiplicative
inverses (had a difficult
time remembering the
terminology at first)

Table 72
Beth’s References to Connections in Follow-Up Interview
Connections
Participant Actually
Seemed to Make

References to Connections Between Abstract Algebra and
Secondary School Mathematics
•
•
•
•
•

She stated that having me in the course and doing warm-up
activities was instrumental in her making connections to
secondary school mathematics
Claimed the concept of rings in abstract algebra would help
her explain concepts to secondary students
She saw similar activities to the warm-up activities in her
secondary mathematics curriculum course
Imagining concretely how she would envision using the
abstract algebra content in teaching is difficult for her
When helping her brother with algebra she was able to easily
recall formulations and concepts because abstract algebra
helped her understand the background information better

•

Maintained
connection
between solving
an equation and
additive/
multiplicative
inverses

Table 73
Lindsay’s References to Connections in Follow-Up Interview
References to Connections Between Abstract Algebra and
Secondary School Mathematics
• She claimed that future teachers need to be looking for
connections themselves and be aware of their existence in
order to make them
• Abstract algebra teaches future teachers problem-solving
skills

124

Connections Participant
Actually Seemed to Make
•

Maintained connection
between solving an
equation and additive/
multiplicative inverses

Michelle, Van, Beth, and Lindsay were all able to maintain their connection between solving
linear equations in secondary school mathematics and algebraic structures and their properties
(e.g., additive/multiplicative inverses and identities) in abstract algebra.
In all individual student participant interviews (in Stages Two and Three), I asked how
relevant or valuable abstract algebra would be if they were to become a teacher. This question
was also a part of the initial and exist questionnaires, but the interviews gave participants an
opportunity to explain their scores. The student participants were asked to rank abstract algebra
on a scale of 0 to 10 where 0 was not relevant or valuable at all and 10 was extremely
relevant/valuable. I specifically asked them if they saw relevance and value as different and
wanted to give two separate rankings, but none did. Table 74 shows their responses at each
interview.
Table 74
Student Participant Perceived Relevance/Value of Abstract Algebra for Future Teachers Ranked
on the 0 (Low) to 10 (High) Scale
Participant
Michelle
Sammy
Beth
Scott
Van
Danielle
Lindsay

Initial Interview
End of Semester
Relevance
Interview Relevance
9
6
6
3
8 or 9
7 or 8
6 or 7
8
Middle School: 2 or 3
Middle or High
High School: 4
School: 10
Middle School:2
2
High School: 5
2
5

Follow-Up
Interview Relevance
7 or 8
7
7-ish
6
6
N/A
N/A

Summary
The results presented in this chapter suggest several common themes. The mathematical
content connections that participants made during the interview process and through their warm125

up responses were consistent with one another and were consistent with the connections abstract
algebra faculty that participated in the Stage One survey identified as important. The warm-up
activities and interviews successfully provided opportunities for participants to explore
connections between abstract algebra and secondary school mathematics which in turn impacted
their perceived relevance/value of the course. These common themes will be discussed in the
following chapter in addition to implications for future research.
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CHAPTER 5: DISCUSSION
The following sections synthesize the results of this study with regards to the conceptual
framework and detail the relationship to the original research questions. More specifically, I first
discuss how the individual section of an abstract algebra course from Stage Two relates to the
data collected in Stage One. Then, I discuss the relationship between the goals of the student
participants and Professor Smith leading into a detailed discussion of what mathematical
connections between abstract algebra and secondary school mathematics were prominent
throughout the study. Next, I describe how making mathematical connections may have
impacted the student participants’ experience in the course. In the remaining sections, I interpret
what implications the results have for not only the teaching and learning of abstract algebra but
also mathematics teacher preparation while also acknowledging the limitations of the study and
exploring future research directions. Key findings will be italicized and bolded throughout the
chapter to highlight them and direct the reader’s attention to them. As a reminder for the reader,
here are the research questions:
1. What mathematical connections between abstract algebra and secondary school
mathematics do abstract algebra faculty identify as important for their students
(specifically preservice teachers) to make and in what ways do they incorporate these
connections into their classroom instruction?
2. What instructional tasks or course activities help preservice teachers establish
mathematical connections between abstract algebra and secondary school mathematics
while they are enrolled in an introductory abstract algebra course?
a. In what ways does making these mathematical connections impact their learning in
the abstract algebra course?
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b. In what ways does making these mathematical connections impact their perceived
value or relevance of the abstract algebra course?
Comparison of Stage One Data and Abstract Algebra Course in Stage Two
In this section, I examine the data collected in Stage One to determine in what ways the
introductory abstract algebra course I observed in Stage Two was “typical.” This information
helps determine the impact and implications of the findings by knowing that the course observed
was consistent with a typical introductory course in certain aspects.
Instructor background. First, recall that the “Abstract Algebra Faculty Survey” was distributed
to seventy-five mathematics departments across the country that offered an introductory abstract
algebra course required of future teachers. The instructor, Professor Smith, had more years of
teaching experience than the average faculty member participant in the survey. Professor Smith
had been teaching for 35 years whereas the average number of years of teaching experience was
19 years. Forty-one of the fifty-one survey participants held a professor title (including assistant,
associate, and full professor) and Professor Smith was an associate professor at the time of the
observations. Approximately half of the survey participants had research interests related to
abstract algebra, like Professor Smith; however, 44 out of 51 participants had research interests
in pure or applied mathematics more generally. Professor Smith did not have much experience
with secondary mathematics but had taught courses with pre- and in-service teachers enrolled.
Recall that approximately half of the survey participants indicated that they were also not very
familiar with the secondary school mathematics curriculum. So, Professor Smith’s background
and experience was similar in many ways to abstract algebra faculty survey participants from
across the country. This suggests that other than his years of teaching experience, he represents a
“typical” introductory abstract algebra instructor.
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Course structure. Thirty out of fifty-one participants indicated that their course structure was
primarily lecture and from both Professor Smith’s description and my classroom observations
that was also the case for the course in my study. The introductory abstract algebra course had 25
undergraduate students enrolled with the majority being pure or applied mathematics majors
(84% mathematics majors) and, in the survey, it was reported that the average class size was
around 25 with 39% of the participants indicating that they typically have mostly pure or applied
mathematics majors enrolled in their introductory abstract algebra courses. This suggests that the
abstract algebra course structure in Stage Two is pretty “typical” of an introductory abstract
algebra course required of future teachers.
Research question one. One of the main goals of Stage One was to address research question
one by gathering background information about what was happening in general introductory
abstract algebra courses at the time. In particular, I wanted to explore what connections between
abstract algebra and secondary school mathematics were important from the perspectives of
abstract algebra faculty and how they incorporated those connections into their instruction. From
the survey, I found that the connection that participants thought was the most important was
the general connection between algebraic structures (group, ring, integral domain, field) and
their properties in abstract algebra to various secondary school mathematics concepts (such as
function and domain; identity; inverse; number systems and known operators; and solving
linear equations).
Similarly, this was the most common connection Professor Smith made both in his
lectures and during our interviews. While I observed Professor Smith’s class, I noted connections
he made to secondary school mathematics and then I classified those connections using
Suominen’s (2015) list of connections. I also used her list to classify the connections Professor
Smith said were important in his initial interview. Table 75 provides a comparison of which
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connections were most important to Professor Smith and how the survey participants ranked
them (using Suominen’s (2015) list of connections). For the middle column in Table 75 showing
the ranking from survey participants, 1 is the highest ranking and 22 is the lowest ranking.
Table 75
Comparison of Important Connections According to Abstract Algebra Faculty
Ranking
from
Survey
Participants

# of Times
Connection
Mentioned
in Lecture

# of Times
Connection
Mentioned
in Interview

1

11

2

2

3

1

4

1

0

5

2

2

6

2

0

7 (tied)

4

0

7 (tied)

0

1

11

0

1

Factoring polynomials

15

1

0

Number systems; subset

16

0

1

Abstract Algebra
Concept

Secondary School
Mathematics Concept

Algebraic structures
(group, ring,
integral domain,
field) & their
properties

Function and domain;
identity; inverse; number
systems and known
operators; solving linear
equations
Operations with
polynomials and
polynomial long division;
polynomial vocabulary
(degree, coefficients, roots,
etc.); power series
Function composition;
geometric transformations
and symmetries
Arithmetic operators and
number systems; domain
function; function
composition; function
transformations
Equality; function; infinity
and finitely infinite;
invariance; mapping
Decimal expansions;
equivalent fractions; linear
functions
Geometric reflections and
rotations; solve quadratic
equations by factoring
Equivalent fractions;
fractions and operations
with fractions

Polynomial ring

Groups

Binary operator

Homomorphism/
isomorphism
Equivalence classes

Zero divisors
Quotient group/
quotient field
Irreducible
polynomial
Ideal
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Table 75 shows that of the ten connections Professor Smith prioritized in class and mentioned in
his interview, all but two were in the top half of the rankings made by the Abstract Algebra
Faculty Survey participants. In particular, Professor Smith made connections most frequently
involving algebraic structures and their properties and this was consistent with survey results.
Another aspect of research question one was gathering data about how abstract algebra
faculty incorporate the mathematical connections they prioritized into their instruction. By far
the most common ways that abstract algebra faculty seem to implement connections to
secondary school mathematics was by verbally describing them or verbally giving an example
(see Table 16 in Chapter 4). Professor Smith mentioned throughout his interviews with me that
his goal was to point out the connections by “observing them as they go by” without spending
too much time on them. It was confirmed in my observations that he would verbally mention
connections as they came up. Professor Smith was also willing to incorporate the warm-up
activities which would be classified as short in-class activities that made explicit connections to
secondary school mathematics. In the Abstract Algebra Faculty Survey, 19 out of 51 participants
claimed to implement short activities (see Table 16 in Chapter 4). So, there is evidence that the
single section of abstract algebra that was the focus of Stage Two seemed to be “typical” in
terms of incorporating connections based on the survey data from Stage One.
Discussion of the Relationship Between the Goals of Participants and Professor Smith
In this section I discuss the relationship between the goals of Professor Smith and the
goals of the students in the abstract algebra course (both in general and with a focus on the
prospective teachers and the graduate student). First, I want to compare the common student
goals (i.e., more than one student had that goal) shared at the beginning of the semester through
the initial student questionnaire to those the main student participants shared during the initial
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interviews. This comparison is illustrated in Table 76. Similar goals are placed in the same row
of the table.
Table 76
Comparison of Initial Whole Class Student Goals to Main Student Participant Goals

•
•
•
•
•

•

Goals of the Whole Class
(Number of Students with Goal)
Gain knowledge (7)
Learn about rings (2)
Appreciate algebra more/enjoy the
material (2)
Get a good grade (7)
Pass course (3)

Goals of Main Student Participants
(Number of Students with Goal)
•
•

Understand at least some of the
abstract algebra material (2)
Learn what abstract algebra is (2)

•

Do well (5)

•
•

Be organized/work hard (6)
Study well (independently and
collaboratively) (4)
Take book notes and/or recopy class
notes (3)
Complete assigned problems (2)
Avoid procrastination/keep up with
the work (2)

•

Be engaged/a good learner (5)

•
•
•
•
•

Gain mathematical & proof-writing
skills (5)
Gain experience with advanced
problems (4)
Attend office hours (2)

•
•

Become more confident in
mathematics (2)
Improve in proof-writing skills (2)

•

Go to office hours (6)

As shown in Table 76 many of the student goals in the class related to the goals of the
prospective teachers and graduate student, Lindsay. In terms of the whole class, getting a good
grade and gaining knowledge were equally the most common goal. For the prospective teachers
being organized, working hard, and attending office hours was most important; however, doing
well was also very important. Many of these student goals align with Professor Smith’s goals
(see Table 77). Additionally, many of the perceived goals of Professor Smith that students shared
on the initial/exit questionnaires and in the initial/end of semester interviews also agree with
Professor Smith’s explicit goals (see Table 77).
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Table 77
Initial Goals and Perceived Goals of Professor Smith
Professor Smith’s Goals
(Initial Interviews)
•

Encourage/promote
mathematical
curiosity

•

Encourage student
participation

•
•

Get through material
Teach students about
number systems and
their algebra

•

Match pace to student
learning

•

Convince students
that abstract algebra
is fundamental
Point out connections
to secondary school
mathematics
Show that advanced
mathematics found in
abstract algebra can
help answer “easy”
secondary questions

•
•

Whole Class Perceived
Goals
(# of Students with Goal)
•

•
•

Teach students to be
mathematically
precise & not make
assumptions

Get through/teach
material (5)
Help students
understand the
material (4)

•

Share passion/love for
mathematics (ES)

•

Students should: work
hard, try their best, show
up for class, pay
attention/be engaged, go
to office hours (I)
Students should
understand the basic ideas
of what Professor Smith
teaches (I)
Students should learn as
much as possible (ES)
Students should give
feedback/communicate
understanding (I/ES)

•

•
•

•
•

•
•

Help students to
think abstractly (5)

Main Student Participants
Perceived Goals
(I = Initial, ES = End of
Semester Interview)

•

Help students
appreciate abstract
algebra (2)
Help students see
connections to
secondary school
mathematics &
answer concrete
questions similar
to warm-up
questions (2)
Give students a
solid foundation to
abstract
mathematics (3)
Take a rigorous
approach to
material (2)
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•
•

•

Help students make
connections/see the “big
picture” (ES)
Point out secondary
school connections but not
spend too much time on
them (ES)

Students should be to
write clear proofs and
communicate
understanding (ES)

Note that many of Professor Smith’s goals for his students align with the goals the student
participants had for themselves (i.e., comparing Table 76 and 77). In my observations of the
course, I saw evidence of these goals. For example, many students claimed that the reason they
thought one of his goals was for them to be engaged and give him feedback on how well they
were understanding the material is because Professor Smith often asked questions and would
wait for an answer. He would also frequently make jokes about whether or not they were “with
him” because he didn’t see any heads nodding. Table 77 is organized with related goals in the
same row. For example, Professor Smith’s goal of encouraging and promoting mathematical
curiosity is similar to helping students think abstractly and similar to him sharing his passion and
love for mathematics. Some of the relationships between goals were more direct. For example,
Professor Smith wanted to point out the connections to secondary school mathematics and both
the class and the prospective teachers were under the impression that he wanted to help them see
those connections. The fact that most of the students’ perceived goals align with Professor
Smith’s explicit goals illustrates that Professor Smith was able to communicate many of his goals
to the students effectively.
While it was difficult to say with certainty that the goals of the instructor and the students
directly impacted one another, I did see evidence that suggested that there was a relationship
between the two. For example, Michelle’s specific goals for the course at the beginning had to do
with improving her mathematical skills and figuring out if she enjoyed pure mathematics. By the
end of the semester, her goals had shifted to wanting to make connections to secondary school
mathematics in “mathematics” courses like abstract algebra and learn how to answer her future
students’ questions about why things work in mathematics. She claimed throughout the semester
that the warm-up activities and interviews were what allowed her to make connections to
secondary mathematics. This suggests that perhaps the instructor’s goal of pointing out the
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connections, both verbally and by agreeing to implement the instructional tasks, highlighted the
connections to secondary mathematics which in turn impacted Michelle’s goals for the course. In
this particular case, the goal of the instructor involved connections between abstract algebra and
secondary school mathematics and that aspect is what impacted Michelle’s goal. However,
Professor Smith also had the goal of teaching students to be mathematically precise and not to
make assumptions. While Beth initially had the goal of wanting to well in the course, she
mentioned in both her end of semester and follow-up interview how much she learned about
being more detailed and precise in her proof-writing. She talked about how it became a focus of
hers to continue to improve in this area throughout the two abstract algebra courses with
Professor Smith. This suggests that the goals of the instructor can directly impact the goals of the
prospective teachers. These two potential relationships between the goals of the instructor and
goals of the prospective teachers are illustrated in Figure 12.
Figure 12
Potential Relationship Between Goals of the Instructor and Prospective Teachers
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Note that in this study, Professor Smith began the semester with the goal of pointing out
connections and helping prospective teachers see how the abstract algebra material would be
relevant to their future teaching. He may have formed his goals based on his prior experience
with prospective teachers wanting to know how the abstract algebra relate to their future careers
or he may have assumed that prospective teachers want to understand why they are required to
take abstract algebra. Regardless, there was no evidence that student goals or the connections
made to secondary school mathematics impacted or changed Professor Smith’s goals throughout
the semester suggesting that those relationships might be one directional.
Mathematical Connections Between Abstract Algebra and Secondary School Mathematics
In this section, I address research question two by taking a closer look at what
connections prospective teachers were able to make in the introductory abstract algebra course.
Recall that abstract algebra faculty (Stage One) and Professor Smith both indicated that the most
important connection for students to make is between algebraic structures (and their properties)
in abstract algebra and various concepts in secondary school mathematics (such as function and
domain, identity, inverse, number systems). Note that there were opportunities in the warm-up
activities and interviews to explore this particular connection since participants were often asked
to solve linear equations or a system of linear equations and were given problems that explore
different number systems in the secondary school context. Using the data about the connections
the main student participants made on the warm-up activities, I was able to classify most of their
connections using Suominen’s (2015) list of connections. The first two columns of Table 78 are
from Suominen’s (2015) list of connections and these connections would be classified as content
connections (Wasserman, 2018). Similarly, I classified the connections that the main student
participants made during their initial, group, and end of semester interviews. The data is shown
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in Table 78 and the names of the main student participants who made each connection is
indicated in parentheses below each number.
Table 78
Summary of Mathematical Connections Main Student Participants Made Between Abstract
Algebra and Secondary School Mathematics

Abstract
Algebra
Concept

Secondary
School
Mathematics
Concept

# of
Times
Connection
Made on
WarmUps 1-8

Participants
who Made
Connection
in Initial
Interviews

Participants
who Made
Connection
in Group
Interview

Participants
who Made
Connection
in End of
Semester
Interview

Algebraic
structures &
their properties

Function and
domain; identity;
inverse; number
systems and
known operators;
solving linear
equations

30

0

3
(Michelle,
Scott, Van)

6
(All except
Sammy)

Inverse

Multiplicative
reciprocal;
negative
numbers

8

1
(Scott)

1
(Scott)

5
(All except
Sammy &
Danielle)

Polynomial
ring

Operations with
polynomials and
polynomial long
division;
polynomial
vocabulary;
power series

5

0

0

0

Equivalence
classes

Decimal
expansions;
equivalent
fractions; linear
functions

3

0

0

1
(Scott)
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Secondary
School
Mathematics
Concept

# of
Times
Connection
Made on
WarmUps 1-8

Participants
who Made
Connection
in Initial
Interviews

Participants
who Made
Connection
in Group
Interview

Participants
who Made
Connection
in End of
Semester
Interview

Zero divisors

Geometric
reflections and
rotations; solving
quadratic
equations by
factoring

3

0

0

0

Homo-/ isomorphism

Equality;
function; infinity
and finitely
infinite;
invariance;
mapping

3

0

0

0

Binary
operator

Arithmetic
operators and
number systems;
domain function;
function
composition;
function
transformations

2

0

1
(Scott)

2
(Danielle &
Van)

Equivalence
relation

Congruence;
inequality;
similarity;
symmetry

1

0

0

0

Groups

Function
composition;
geometric
transformations
and symmetries

1

0

1
(Scott)

1
(Van)

Abstract
Algebra
Concept

1

Note that this list of the connections that main student participants made throughout the semester
is almost identical to the list of connections that Professor Smith referenced in his lectures and
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interviews. It is important to note that the connection between algebraic structures (and their
properties) to various secondary mathematics concepts was identified by abstract algebra
faculty as the most important connection for students to make, was the most common
connection referenced by Professor Smith, and was also the most common connection that the
main student participants made on several of the warm-up activities.
Table 78 provides evidence that all main student participants except Sammy were able to
make content connections between abstract algebra and secondary school mathematics. Note
Sammy was unable to make content connections; however, she was able to make mathematical
practice connections on warm-up activities and she claimed that she saw and understood that
connections existed. For example, in the end of semester interview Sammy stated that:
At the beginning I wasn’t really sure like what abstract algebra was, but like as we did the
warm-ups, I could see those connections more and I could see how it actually can be
implemented in like middle school and like high school classes and stuff and how I can
take it and help students.
In her follow-up interview she claimed that in her course with Professor Smith it was more
evident why abstract algebra was required of future teachers “because we had like actual
problems that we did out and we could talk about them and we did the worksheets that like
helped make the connections.” She also claimed that knowing the connections existed allowed
her to see that abstract algebra was an important class.
For the follow-up interviews conducted in Stage Three, four out of the six participants
were able to maintain at least one of the connections they had made between abstract algebra and
secondary school mathematics. Both Sammy and Scott did not show any evidence that they had
made additional connections to secondary school mathematics or that they had maintained any
connections they made previously. However, Michelle, Beth, Van, and Lindsay all maintained
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the connection between solving a linear equation in the secondary content and algebraic
structures and their properties (i.e., additive and multiplicative inverses, additive and
multiplicative identities).
Research question two. Research question two involved exploring what course activities help
prospective teachers make connections to secondary school mathematics in an introductory
abstract algebra course. Once I had evidence that the prospective teachers were able to make
connections, I also wanted to explore how they made those connections. I was able to gather
evidence about what course activities helped participants make mathematical connections mostly
during their end of semester and follow-up interviews in Stage Two and Three. When a
participant showed evidence of making a connection during the interview, I asked follow-up
questions about what helped them to see how the abstract algebra and secondary school
mathematics content related.
All participants except Scott claimed in their end of semester interview or exit
questionnaire that the warm-up activities played a pivotal role in helping them see connections
between the two subjects. Scott was unique in that he had a personal goal in all classes to see
connections within and among different courses. When asked what helped him see connections,
he said that “it’s just my innate need to see how things connect and I do that in all of my
classes.” In Sammy’s case, the warm-up activities helped her see that the connections existed
even though she struggled to understand the abstract algebra content well enough to comprehend
the connections in a meaningful way (see excerpt in previous section). Beth stated in her exit
questionnaire that “the warm-ups helped me connect the material as well as the meetings with
Cammie.” In her end of semester interview Beth also explained how the warm-ups helped her
think about the bigger picture. She stated that:
I felt like I should have known more on the warm-ups. I guess that I am just not good at
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applying things… The warm-ups wanted me to apply it. If I didn’t have the warm-ups I
feel like I would have never, I just would have gone along with the class not thinking
about the overall picture.
Similarly, Michelle said in the end of semester interview that the warm-up activities and group
interview were most important in her making connections and helped her pause and see the
bigger picture with regards to mathematics and mathematics education. She said:
I don’t think otherwise I would have even made the connection to math ed. Like
otherwise, I think it would have been a math class for me that I was taking because it
was a math class…[the warm-ups and group interview] really made me see ‘okay I
understand why as a math ed major I need to take this class.’
Lindsay shared in Beth’s frustration of not always seeing all of the connections between abstract
algebra and secondary school mathematics. Despite her frustrations, Lindsay was still able to
show evidence of making content connections and hypothesized that if warm-up activities had
been implemented in her undergraduate abstract algebra course, it would have been beneficial
and might have changed her perspective on how valuable the course was. Professor Smith
mentioned in his end of semester interview that he was impressed with how much thought and
effort the students put into the warm-up activities.
Some participants found different aspects of the warm-up activities helpful, and others
found different course activities helpful when I checked in with them during the end of semester
interviews. Danielle found that the most important aspect of the warm-up activities was that they
were explicit about the fact that you were responding to or analyzing the work of a secondary
student. When I asked Sammy what about the warm-up activities was so helpful, she said:
I think like having the student, like question laid out and then their answer and see if it’s
like right or wrong and why. I think that helped me dive into what they were doing and
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see how it can relate and stuff.
It was interesting that even though Van was no longer interested in teaching by the end of
semester interview he claimed that the warm-up activities were still helpful:
It was helpful ‘cause it did help define like a purpose for the class…I really liked how we
did…dash 1, dash 2, like before and after we learned the concepts. I thought that was
super helpful because one would be like if you were in a situation where if you were
teaching and you hadn’t taken abstract and the second one would be if you had taken
abstract. So, I feel like the warm-ups were definitely helpful, but since most of the second
times I still couldn’t get it I was alright, this isn’t for you.
Even though he showed evidence of making content connections between abstract algebra and
secondary school mathematics, he still felt frustration that he wasn’t “getting it” well enough. He
eventually interpreted his struggles to mean that he should not continue studying pure
mathematics and should not become a mathematics teacher. Michelle, Sammy, and Van also
credited the discussions at the group interview as an activity that was instrumental in helping
them make connections between abstract algebra and secondary school mathematics.
Additionally, Van mentioned that there were a few practice problems that highlighted content
connections between abstract algebra and secondary school mathematics; however, he was
unable to remember specifics about the problems.
In the follow-up interviews Sammy, Michelle, and Beth continued to credit many of the
connections they made between abstract algebra and secondary school mathematics to the warmup activities and the interviews. Lindsay hypothesized that future teachers need to be looking for
the connections and be aware of their existence. Sammy’s comments seemed to provide evidence
of Lindsay’s claim that the first step is to find out the connections exist. Sammy did not show
evidence of making any mathematical connections between abstract algebra and secondary
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school mathematics, but mentioned many times how knowing that the connections existed
helped her understand why the course was required. This is particularly important given that she
originally claimed she had no idea why the course was required and even believed that some of
her mathematics education professors did not understand why it was required. In terms of the
conceptual framework, participant responses in the end of semester and follow-up interviews
suggest additional relationships to add to Figure 12. In Figure 13 Lindsay’s perspective and
Scott’s experience suggest a bidirectional arrow between the goals of the prospective teachers
and the connections they make between abstract algebra and secondary school mathematics
(instead of the single directional arrow in Figure 12). Scott’s initial goal of seeing connections in
all classes is what he believed led him to making connections and Lindsay suggested that future
teachers must be looking for connections to find them. Both suggest that the goals of the
prospective teachers impact the connections between abstract algebra and secondary school
mathematics that they are able to make.
Figure 13
Potential Relationship Between Goals of the Prospective Teachers and the Connections They
Make Between Abstract Algebra and Secondary School Mathematics
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Impact of Mathematical Connections
The data from this study suggests that relationships exist among prospective teachers
making mathematical connections between abstract algebra and secondary school
mathematics, their learning, and their perceived value of the course (addressing research
questions 2a and 2b). For example, both Michelle and Sammy, the two mathematics education
majors, reported that making the connections between abstract algebra and secondary school
mathematics (or seeing their existence) helped them understand why abstract algebra was a
required course and why it was an important course for their future careers in teaching. Michelle
also discussed multiple times how she wished she had been able to explore the mathematical
connections more either through a seminar course, more group interviews, or in an abstract
algebra course specifically designed for teachers. In particular, in Michelle’s end of semester
interview she said:
I think that they should make a separate section for teachers…I think it would be super
beneficial for teachers…I just think it would be way more beneficial than me
knowing…everything…even if it was that we went over super in depth like rings…I
know that there’s so much more that I didn’t even poke at that I know it’s there. I just
wish it had been explained specifically for teachers.
Research question 2a and 2b. Note that for Michelle, Sammy, Scott, Van, and Lindsay their
perceived value/relevance of the abstract algebra course for future teachers increased either by
the end of semester or follow-up interview. Recall, their perceived relevance ratings from
Chapter 4 (see Table 74). Michelle and Sammy’s perceived value/relevance increased between
the end of semester and follow-up interview despite the fact that both decreased between the
initial and end of semester interviews. Michelle described her experience in the following
excerpt from her follow-up interview:
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I feel like, as strange as it sounds, I feel like my appreciation goes up the further removed
I am from it because now I feel like I’ve forgotten some of it and I wish I had it back so I
feel like the relevance is there. I would go with like a, seriously, I would go with like a 7
or an 8 as far as relevance…I think it’s functioning in the background and I think it’s so
cool to know what’s going on….that’s probably gone up since the last time I said it.
She also claimed that she had gained mathematical confidence from abstract algebra and pointed
out that “abstract algebra really solidified” her ability to write/use proofs “in a problem.” Both
Sammy and Michelle felt disappointed that they hadn’t understood as much of the abstract
algebra material as they had hoped and gave low scores for the perceived relevance at the end of
semester interviews because they thought their lack of understanding would keep them from
using it in their future teaching.
In the end of semester interview, Van was very excited about the connections and thought
abstract algebra was highly valuable for future teachers; however, by the follow-up interview he
gave a much lower rating. Despite his low rating, Van could still describe how he would envision
using abstract algebra in teaching and said in his follow-up interview:
Maybe if like, instead of like, I remember first semester I kept saying ‘oh in case a
curious kid keeps asking why,’ but I feel like now it’s not like why but maybe like
[abstract algebra] gives you a different perspective on how you teach the material. And
I’m going to go back to the kid who asks why like why is anything times zero, zero. You
have to go back and think about it like well this is a, well it has the domain property…I
feel like it gives you a different perspective on how to teach things.
Van also mentioned that he didn’t see how the content in Abstract Algebra 2 related to secondary
school mathematics and that he had lost interest in both teaching and mathematics by his followup interview. These are all factors that may have influenced his final rating in the follow-up
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interview. Scott’s perceived relevance increased from the initial to the end of semester interview;
however, by the follow-up interview he was no longer enrolled in courses involving abstract
algebra or secondary school mathematics and did not seem to remember the content or
connections.
I hypothesized at the beginning of this study that making connections between abstract
algebra and secondary school mathematics might also impact the prospective teachers’ learning.
Note that all of the participants except Sammy were able to provide evidence of making
mathematical connections on the warm-up activities and/or during their interviews. In
addition, all participants except Sammy received an A or a B in the course for their final
grade. Recall that both Michelle and Sammy thought that abstract algebra was more relevant to
teaching careers in their follow-up interviews than at the end of semester interviews. This was
because it was difficult for them to envision using the abstract algebra in their teaching while
they were struggling to understand the abstract algebra content. However, they both felt more
confident by the follow-up interviews in their understanding and their ability to incorporate
abstract algebra into secondary instruction. Sammy reiterated in her follow-up interview that
“sometimes I could see the connections but sometimes I couldn’t. So, like I know that [abstract
algebra is] important…I just wish that I understood abstract more so that I could make those
connections.”
Based on the grades of the participants, their perception of their own learning and the
evidence of them making connections between abstract algebra and secondary school
mathematics, the data suggests that there is a relationship between learning and the mathematical
connections. All of the participants except Sammy did well in the course and made content
connections between abstract algebra and secondary school mathematics. Also, the fact that
Michelle discussed a positive change in her perceived value/relevance of the course with an
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increase in mathematical confidence and appreciation of the abstract algebra content suggests a
relationship between those two components as well. Figure 14 builds on Figures 12 and 13 by
incorporating these additional relationships between mathematical connections between abstract
algebra and secondary school mathematics, perceived relevance/value and learning.
Figure 14
Relationship Between Perceived Relevance/Value of Abstract Algebra, Connections, and
Learning

Since there was not sufficient evidence to determine whether the learning in the abstract algebra
course impacted the participants’ ability to make mathematical connections or vice versa, the
bidirectional arrow between those two components in Figure 14 is a lighter color. This denotes
that there is evidence of a relationship, but further research is necessary to truly understand this
relationship. Similarly, I saw evidence that participants’ learning about abstract algebra and
understanding the content impacted their perceived relevance/value; however, it is possible that
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as the participants saw abstract algebra as more valuable, they were able to learn and understand
the content at a deeper level. Again, this relationship was denoted with a lighter colored arrow in
Figure 14 to denote that further research is required to explore that relationship.
In the original conceptual framework, I also hypothesized that there was a
bidirectional arrow between the goals of the prospective teachers and the learning in the
course as well as the goals of the instructor and the learning in the course. The data
confirmed this hypothesis. Recall that the goals of the student participants included doing well
in the course and understanding the abstract algebra content at some level while one of Professor
Smith’s goals was helping students gain an understanding of the material. These goals impacted
both Professor Smith and the prospective teachers’ approach to the course which in turn
impacted the learning that occurred. For Professor Smith, his goal of wanting students to
understand the course content led to him lecturing on the relevant material and creating problems
for exams and practice to explore those concepts. The fact that all students except Sammy
received a passing grade in the course provides evidence that learning occurred in the course
based on how Professor Smith delivered the material and assessed student understanding. For the
student participants, they attended class, took notes, worked on the practice problems, and
studied for the exams to work towards their goal of doing well in the course and learning the
material. Again, their grades reflect the fact that learning occurred. This illustrates that the goals
of the prospective teachers and instructor both impact the learning of the abstract algebra
content.
However, the data also suggests that the learning in the course also impacts the goals of
the prospective teachers and the goals of the instructor. Professor Smith adjusting his pace
throughout the semester and changing how much material he covered based on student learning
and understanding in the course provides evidence of this relationship. Additionally, the
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prospective teachers reported that part way through the semester some of their goals changed
from doing well to just surviving/passing the course. This is because they were struggling with
the material and thus their learning impacted their goals. Figure 15 represents a summary of the
relationships that I was able to see evidence of through this study.
Figure 15
Revised Conceptual Framework Based on the Results of the Study

The results support adding components to the original conceptual framework but did not
support all of the anticipated relationships. This led to the creation of Figure 15 which is
different than the original framework. In the original conceptual framework, I did not
hypothesize that perceived relevance/value of the abstract algebra would be a main component.
However, after seeing Sammy and some of the other participants’ views drastically change about
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why abstract algebra is required for future teachers after realizing connections to secondary
school mathematics exist, I thought it should be considered a main component. The other
difference in Figure 15 from the original framework is that I was unable to find evidence in the
study of the goals of the prospective teachers impacting the goals of the instructor or evidence of
the connections between abstract algebra and secondary school mathematics impacting the goals
of the instructor. Since Professor Smith had years of experience teaching this introductory course
with prospective teachers, he may have anticipated the goals of the students and this may have
informed his original goals. Also, Professor Smith began the study with the goal of making the
mathematical connections explicit so there was no evidence in the study that the connections
changed or impacted his goals throughout the semester.
Implications for the Teaching and Learning of Abstract Algebra and Teacher Education
The results of this study suggest that it is important and beneficial to provide
opportunities in general introductory abstract algebra courses for prospective teachers to
explicitly explore the connections to secondary school mathematics. Implementation of short
activities that take ten minutes or less can provide enough evidence for students to be convinced
that abstract algebra is an important course that should be required. For example, even though
Van changed his plans and did not want to become a teacher, he still thought that the warm-up
activities “were probably the most useful thing [he] would find in the class to guide like what are
we doing, why are we doing this, how is this useful, [and] are you actually getting the material?”
Also, one of the students who was not one of the main student participants found the warm-up
activities to be helpful “in situating abstract algebra learning within the context of previous
mathematical knowledge.”
The results also imply that taking the time to briefly discuss the short activities could
have a positive impact on prospective teachers’ experience in abstract algebra. For example,
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during the interview process, the participants mentioned that they wished Professor Smith had
discussed the warm-up activities briefly in class once they were collected. Van stated in his end
of semester interview that even a five minute debrief during class once the warm-up was
collected would have been helpful. Recall that participants found discussing the warm-up
activities at the group interview helpful. Even Beth, who was unable to attend the group
interview, stated in her end of semester interview that she had “heard [the group interview] was
really beneficial.” During the group interview we were able to discuss eight warm-up activities
in detail and that discussion took 48 minutes and included discussing and writing out full
solutions for Warm-Up 1-2. This suggests that spending even six minutes discussing each
activity with the prospective teachers in the group interview made a positive impact which
implies that spending around five minutes of class time discussing the warm-up activities may
have been beneficial for all students.
The abstract algebra course in Stage Two illustrated that there may be many students in
advanced mathematics courses whose majors do not reflect their desire to become a secondary
school mathematics teachers some day. Recall that seven out of the twenty-six students in the
course indicated that they weren’t sure what career they might want, and eighteen out of the
twenty-six students indicated that they were considering becoming a secondary school teacher.
While it is hypothesized that making connections to secondary school mathematics could be
beneficial for all students enrolled in abstract algebra courses, this data suggests that it could be
particularly important since many students may decide to eventually become teachers. The fact
that one of the graduate students who was not a main participant identified the warm-up
activities as a helpful course activity and appreciated that they situated abstract algebra with the
context of previous knowledge also illustrates the potential benefits of making mathematical
connections to secondary school mathematics in abstract algebra for all students.
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Michelle’s experience of gaining confidence in her mathematical ability, but also
specifically gaining confidence in utilizing her abstract algebra knowledge while teaching
secondary school mathematics suggests that it is important for prospective teachers to revisit
these connections in other courses. While she did well in abstract algebra and was able to make
connections between abstract algebra and secondary school mathematics during the course, she
was able to reference those connections with much greater ease in her follow-up interview.
While she said that her appreciation for abstract algebra had only gone up since she left the
course, one of the factors that could have influenced this was that she was examining secondary
mathematics curriculum and seeing scenarios that were similar to the warm-up activities she saw
in abstract algebra. She and Beth, in particular, felt that they were constantly seeing how abstract
algebra related to the different secondary school situations. A capstone course or courses where
prospective teachers have the opportunity to examine secondary school mathematics curriculum
from an advanced viewpoint might also be a vital component in prospective teachers maximizing
potential benefits of taking an abstract algebra course.
The results of this study were consistent in many ways with prior research. For example,
the prospective teachers in Stage Two struggled with the abstract algebra material and reported
that they had to learn how to be more mathematically precise which aligns with the experience of
preservice teachers in previous studies (e.g., Edwards & Ward, 2008; Findell, 2001; Wheeler &
Champion, 2013). The results from Stage Two and Three also confirmed the findings of previous
research that exploring the mathematical connections between abstract algebra and secondary
school mathematics have the potential to positively impact prospective teachers’ learning (e.g.,
Christy & Sparks, 2015).
To summarize, the results suggest that abstract algebra faculty do not have to sacrifice
content coverage to provide meaningful opportunities for students to see how abstract algebra
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is connected to secondary school mathematics. Using short activities situated in the secondary
context and briefly discussing them in class has the potential to help students see how the
abstract algebra content builds on their prior knowledge. It also has the potential to help students
understand why abstract algebra is an important course for future teachers. Wasserman and his
colleagues (2017) specified that their model of building up from/stepping down to teaching
practice should really be used in courses for future teachers; however, this study shows that their
model can be adapted for general courses.
Limitations of the Study
There are several limitations of the study. First, there is not a database or list of
universities that have teacher preparation programs that require abstract algebra. This means that
in Stage One, while I sent the survey to seventy-five universities across the country that met this
criteria, the results are not representative of all programs.
Also, there are limitations with some of the survey questions. For example, in asking how
the participants incorporate the mathematical connections to secondary school mathematics in
their abstract algebra course it would have been more informative to have either asked an openended question or asked a follow-up question to gain more insight into the responses.
In Stage Two, the results are from a single section of abstract algebra at a particular
institution making the results closely tied to the environment where they were obtained. Another
limitation was that there were only seven student participants in Stage Two and only six student
participants in Stage Three. The student participants also had a difficult time recalling specifics
about what helped them make connections. For example, when Van mentioned that there were
problems from the problem sets and practice problems that highlighted connections to secondary
school mathematics, he was unable to recall any specifics. While Professor Smith was very
supportive of implementing the instructional tasks in the course, it was difficult at times to align
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the warm-up activities with the lecture material. Occasionally Professor Smith would not discuss
material relevant to a particular warm-up until weeks after it had first been given. This created a
disconnect for students and might have made it more difficult for them to see the connections at
times.
Lastly, it would have been beneficial for more of the data analysis to have happened
during the observation semester (Fall 2019). In particular, a more careful analysis of the tasks
and previous interviews may have helped illuminate additional questions to explore with the
participants in subsequent interviews. I looked over their tasks and re-watched previous
interviews in preparation for the group, end of semester, and follow-up interviews; however, I
had additional questions after conducting a more careful analysis of the data once contact with
the participants had ended (e.g., after the follow-up interviews).
Future Research
There are several directions for future research focusing on preservice teachers making
mathematical connections to secondary school mathematics in abstract algebra. In particular, the
results of this study highlight the importance and need for more research to investigate the
impact of implementing short instructional tasks into general introductory abstract algebra
courses. While this initial study suggests that it is beneficial for preservice teachers to be given
opportunities to make connections through short tasks, more research needs to be done to
confirm the findings. In order to measure the impact of instructional tasks, it would be beneficial
to compare preservice teachers’ experience within a particular course without the tasks to
preservice teachers’ experience in a subsequent semester with the tasks. The same survey
instruments could be used to investigate what mathematical connections preservice teachers
made and measure how making those connections may have impacted their learning and
perceived relevance/value of the course.
154

In addition to confirming the findings of this study, it could be useful to develop more
instructional tasks not only for abstract algebra courses, but also for other advanced
mathematical courses required of preservice teachers. While Wasserman and his colleagues
(2017) developed tasks for a real analysis course designed for teachers, it would be interesting to
explore the impact of those tasks on a smaller scale in a general introductory real analysis course
required of preservice teachers but not designed for them.
Another important and natural extension of this study would be to investigate how
making mathematical connections not only impacts preservice teacher, but how it impacts
students with varying career goals. Researchers have hypothesized that making these connections
would be beneficial for all students and the results of this study suggest that it could be. Despite
the limitations of this study and the related areas of research left to explore, this study suggests
that incorporating opportunities, even short ones, for preservice teachers to explicitly make
connections between abstract algebra and secondary school mathematics can help preservice
teachers see the value of studying abstract algebra.

155

REFERENCES
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APPENDIX B: List of Schools E-mailed
List of schools that received an e-mail with survey link (bolded schools submitted responses and
the number in parentheses indicates how many responses were received from that school; note
some participants chose not to include the name of their institution so there may be additional
responses from institutions).
1. Appalachian State University (2)
2. Auburn University (1)
3. Biola University
4. Boston University
5. California Polytechnic State University, San Luis Obispo (2)
6. California State Polytechnic University, Pomona (3)
7. California State University, Bakersfield
8. California State University, Channel Islands (1)
9. California State University, Chico
10. California State University, Dominguez Hills
11. California State University, East Bay
12. California State University, Fresno (1)
13. California State University, Fullerton (1)
14. California State University, Humboldt
15. California State University, Long Beach (1)
16. California State University, Los Angeles (1)
17. California State University, Monterey Bay
18. California State University, Sacramento
19. California State University, San Francisco
20. California State University, San Jose
21. California State University, San Marcos
22. California State University, Sonoma
23. California State University, Stanislaus (1)
24. Colorado State University
25. Dakota State University
26. Dordt University (1)
27. Florida State University
28. Georgia Southern University
29. Huntington University (1)
30. Iowa State University (1)
31. Kansas State University
32. Keene State University (1)
33. Kennesaw State University (3)
34. Kent State University
35. Michigan State University (1)
36. Middle Tennessee State University
37. Mississippi State University
38. Montana State University (1)
39. New York University
40. Northern Illinois University
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41. Ohio State University (1)
42. Oklahoma State University
43. Oregon State University
44. Plymouth State University
45. Portland State University (3)
46. Purdue University
47. Temple University
48. Tennessee Technical University (1)
49. Texas A & M University
50. University of Alabama (1)
51. University of California, Irvine
52. University of Central Arkansas (1)
53. University of Cincinnati
54. University of Colorado Boulder
55. University of Georgia
56. University of Hawaii (2)
57. University of Illinois at Urbana-Champaign
58. University of Louisville (1)
59. University of Maine
60. University of Michigan
61. University of Minnesota
62. University of Montana-Missoula
63. University of Nebraska-Lincoln
64. University of New Hampshire
65. University of New Mexico (1)
66. University of North Carolina
67. University of North Carolina at Charlotte (1)
68. University of Northern Colorado (1)
69. University of Oklahoma
70. University of South Dakota
71. University of Utah (1)
72. University of Wisconsin La Crosse (2)
73. Utah State University
74. Utah Valley University
75. Western Michigan University
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APPENDIX C: Re-Ordered List of Mathematical Connections
List of mathematical connections re-ordered from the Abstract Algebra Faculty Survey results

Number

Abstract Algebra Concept

1

Algebraic structures (group,
ring, integral domain, field)
& their properties

Function and domain; identity; inverse; number
systems and known operators; solving linear
equations

88

23

Polynomial Ring

Operations with polynomials and polynomial long
division; polynomial vocabulary (degree,
coefficients, roots, etc.); power series

41

10

Equivalence relation

Congruence; inequality; similarity; symmetry

39

14

Groups and specific types of
groups

2

Binary operator

15

Homomorphism/
isomorphism

Function composition; geometric transformations
and symmetries
Arithmetic operators and number systems;
domain function; function composition; function
transformations
Equality; function; infinity and finitely infinite;
invariance; mapping
Decimal expansions; equivalent fractions; linear
functions and
Geometric reflections and rotations; solve
quadratic equations by factoring

9 and
30

Equivalence classes and
Zero divisors

Secondary School Mathematics Concept

Votes

34
31
30

28

6

Cyclic groups

Division algorithm; greatest common divisor;
imaginary unit I; rotations and periodicity

21

8

Equivalence

Equal sign; inequality; similarity; solving equations

19

12

Fundamental theorem of
algebra

Roots of a polynomial

18

11 and
24

Extension field/splitting
field and
Quotient group/quotient
field

Complex numbers; domain; roots of a polynomial
and
Equivalent fractions; fractions and operations with
fractions

16

Inverse

Multiplicative reciprocal; negative numbers

15

Direct product and
Permutation group; product
of cycle decomposition

Cartesian plane and ordered pairs; matrices for
area and volume and
Function and function composition; permutation;
symmetry

13

17
7 and
22
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5 and
13
18
19 and
29
26
3
16 and
28

Congruence and
Galois theory
Irreducible polynomial
Kernel and
Unit

Solving linear equations and
Radicals; roots of polynomial equations
Factoring polynomials
Nullspace of a matrix and
Invertible matrices

Sign rule in a ring

Product of two negative numbers is positive

6

Fractions

5

Number systems; subset and
Negation; trigonometric function

4

Geometry concepts including: points, lines, circles,
regular n-gons, angles, intersection, and trisection

3

Commutative ring theory
(localization)
Ideal and
Unary operators

4

Compass/geometric
constructions

20

Lagrange's theorem

21 and
25 and
27

Nilpotent and
Quaternions and
Subgroup

Euclidean algorithm; greatest common factor;
least common multiple
Geometric series and convergence and
Complex numbers and
Subsets

178

12
8
7

2
0
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APPENDIX E: Abstract Algebra Student Initial Questionnaire
1. General Information:
Name: _________________________ Major: ___________________________
Minor (if any): ____________________________________________________
Year at this university: ____ Circle one: Freshman Sophomore Junior Senior/Other
2. Please list the mathematics courses taken at here at UNH:

3. Please list any mathematics courses at any other college/university or community college:

4. How would you define mathematics? What do you think it means to “do mathematics”?

5. Do you like math? Why or why not?

6. What are your career goals?

7. Are you planning on becoming a middle or high school mathematics teacher?

Yes

No

8. If “no” to question 7, would you ever consider becoming a middle or high school mathematics
teacher? Yes
No
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9. Why did you choose to take this course?

10. Is Math 761 required of your major and/or minor? If “yes,” why do you think it is required?

11. What are your goals for this course?

12. On a scale of 0 – 10 (0 being not relevant at all to 10 being completely relevant), how
relevant/valuable do you think this course will be to your
a. Future studies? 0

1

2

3

4

5

6

7

8

9

10

b. Future career? 0

1

2

3

4

5

6

7

8

9

10

Please comment on your ratings:

13. Is there anything else you’d like to share regarding these questions or this course?
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APPENDIX F: Abstract Algebra Student Exit Questionnaire
1. Name: ________________________________________________________________
2. Are your career plans the same as they were at the beginning of the semester?

3. What activities or problems during the course were particularly useful in helping you understand
the material or making the material more meaningful? Please provide as much detail as possible
and reasons for your choices.

4. On a scale of 0 – 10 (0 being not relevant at all and 10 being completely relevant), how
relevant/valuable do you think this course was to your
a. Future studies? 0

1

2

3

4

5

6

7

8

9

10

b. Future career? 0

1

2

3

4

5

6

7

8

9

10

Do you think these ratings might have changed since the beginning of the semester? Why or
why not?

5. Did you meet your initial goals for this course?

6. Did your goals change during the semester? If so, how?

7. What do you think were your instructor’s main goals for this course? How do you know/why do
you think those were his/her goals?

8. Is there anything else you’d like to share regarding this questionnaire or the course?
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APPENDIX G: Additional Tasks and Implementation Ideas

Warm Up Activity 1
Suppose you are a 7th grade math teacher who is reviewing for the final exam with your
𝑥
students and you give the students time to solve the equation −8 = −7 after you’ve written it
on the board. How would you respond to the following? (please fill in the blank with your
response and feel free to comment on your response at the bottom of the page)
You (the teacher): Okay so to solve the equation written on the board what would we do?
Student 1: Multiply both sides by −8 so the answer is 𝑥 equals 56.
Student 2: So, I remember us learning that a negative times a negative is a positive, but why is
that the case again? I mean even just like negative one times negative one, why isn’t that
negative one again?
You (the teacher):

Comments about your response:

Implementation of warm up 1: Given on 8/28/2019 which was the second day of class when
Professor Smith planned on starting with sets, relations on sets, and equivalence classes before
introducing rings (in the 7th week; 10/7/2019)
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Warm Up Activity 1-2
Suppose you are a 7th grade math teacher who is reviewing for the final exam with your
𝑥
students and you give the students time to solve the equation −8 = −7 after you’ve written it
on the board. How would you respond to the following keeping in mind the abstract algebra
content that you’ve been learning?
You (the teacher): Okay so to solve the equation written on the board what would we do?
Student 1: Multiply both sides by −8 so the answer is 𝑥 equals 56.
Student 2: So, I remember us learning that a negative time a negative is a positive, but why is
that the case again? I mean even just like negative one times negative one, why isn’t that
negative one again?
You (the teacher):

Comments about your response (please comment specifically on how this situation relates to
the concepts you’ve learned in abstract algebra and/or how the abstract algebra concepts might
help you better address the students’ understanding):

Implementation of warm up 1-2: Given on 10/15/2019 (7 weeks later) the lecture after
Professor Smith had proven 7 properties of rings including the fact that (−𝑎)(−𝑏) = 𝑎𝑏
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Warm Up Activity 2
Solve the following system of linear equations and justify each step using properties or
explaining briefly how you know each step is valid (i.e. in solving 𝑥 + 3 = 10 the next step
would be 𝑥 = 7 but also cite what property allows you to go between those steps or explain
how you know your work is valid):
3𝑥 − 5𝑦 = 8
6𝑥 + 4𝑦 = 1
Work/Justification:

Comments about your response:

Implementation of warm up 2: Given 9/9/2019; however, warm up activity 2-2 was not given
in class – only given to preservice teacher participants in end of semester interview

Warm Up Activity 2-2
Solve the following system of linear equations and justify each step using properties or
explaining briefly how you know each step is valid (i.e. in solving 𝑥 + 3 = 10 the next step
would be 𝑥 = 7 but also cite what property allows you to go between those steps or explain
how you know your work is valid):
3𝑥 − 5𝑦 = 8
6𝑥 + 4𝑦 = 1
Work/Justification:

Comments about your response (please comment specifically on how this middle/high school
mathematics problem relates to the concepts you’ve learned in abstract algebra and/or how the
abstract algebra concepts might help you better understand or explain the problem):
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Warm Up Activity 3
The following is a common core content standard in mathematics for 7th grade:
CCSS.MATH.CONTENT.7.NS.A.2.B
Understand that integers can be divided, provided that the divisor is not zero, and every
quotient of integers (with non-zero divisor) is a rational number. If p and q are integers, then (p/q) = (-p)/q = p/(-q). Interpret quotients of rational numbers by describing real-world
contexts.
How would you respond to a 7th grade student who asked why the divisor cannot be zero?

Comments about your response:

Implementation of warm up 3: Given 9/13/2019; however, warm up activity 3-2 was not given
in class – only given to preservice teacher participants in end of semester interview

Warm Up Activity 3-2
The following is a common core content standard in mathematics for 7th grade:
CCSS.MATH.CONTENT.7.NS.A.2.B
Understand that integers can be divided, provided that the divisor is not zero, and every
quotient of integers (with non-zero divisor) is a rational number. If p and q are integers, then (p/q) = (-p)/q = p/(-q). Interpret quotients of rational numbers by describing real-world
contexts.
How would you respond to a 7th grade student who asked why the divisor cannot be zero
keeping in mind what you have learned this semester in abstract algebra?

Comments about your response (please comment specifically on how this situation relates to
the concepts you’ve learned in abstract algebra and/or how the abstract algebra concepts might
help you better address the students’ question):
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Warm Up Activity 4
You are helping your parent, who is a high school mathematics teacher, check their students’
homework during your spring break while you’re in college. One student writes the following:
(𝑥 + 2)(𝑥 − 3) = 6
𝑥 + 2 = 6 or 𝑥 − 3 = 6
𝑥 = 4 or 𝑥 = 9
Is the student correct? Why or why not? If they are not correct, provide a short response that
you might write to the student to help them see their mistake and/or when their method would
be correct.

Comments about your response:

Implementation of warm up 4: Given 9/23/2019

Warm Up Activity 4-2
You are helping your parent, who is a high school mathematics teacher, check their students’
homework during your spring break. One student writes the following:
(𝑥 + 2)(𝑥 − 3) = 6
𝑥 + 2 = 6 or 𝑥 − 3 = 6
𝑥 = 4 or 𝑥 = 9
Is the student correct? Why or why not? If they are correct, will they always be correct? If they
are not correct, provide a short response that you might write to the student to help them see
their mistake and/or when their method would be correct.

Comments about your response (please comment specifically on how this situation relates to
the concepts you’ve learned in abstract algebra and/or how the abstract algebra concepts might
help you better address the students’ understanding):

Implementation of warm up 4-2: Given 12/4/2019 (11 weeks later)
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Warm Up Activity 5
Suppose your younger brother, a middle school student, asks why you need a common
denominator for adding/subtracting fractions and not for multiplying/dividing them.
How would you respond to him?
Your response:

Comments about your response:

After you answer your brother’s question, your brother shows you the following problem
from his homework and asks you if he’s correct:
𝟐𝟏 𝟑 𝟐𝟏 ÷ 𝟑 𝟕
÷ =
=
𝟒𝟎 𝟖 𝟒𝟎 ÷ 𝟖 𝟓
How would you respond?

Comments about your response:

While you’re looking over your brother’s work, he says he figured out another way to
the do the problem and shows you the following:
𝟐𝟏 𝟑 𝟐𝟏 𝟏𝟓 𝟐𝟏 ÷ 𝟏𝟓 𝟐𝟏 ÷ 𝟏𝟓
𝟐𝟏 𝟕
÷ =
÷
=
=
= 𝟐𝟏 ÷ 𝟏𝟓 =
=
𝟒𝟎 𝟖 𝟒𝟎 𝟒𝟎 𝟒𝟎 ÷ 𝟒𝟎
𝟏
𝟏𝟓 𝟓
How would you respond to this work?

Comments about your response:

Implementation of warm up 5: Given 10/2/2019
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Warm Up Activity 5-2
Suppose your younger brother, a middle school student, asks why you need a common
denominator for adding/subtracting fractions and not for multiplying/dividing them.
How would you respond to him keeping in mind the abstract algebra content you’ve been
learning?
Your response:

Comments about your response (please comment specifically on how this situation relates to
the concepts you’ve learned in abstract algebra and/or how the concepts might help you better
answer your brother’s question):

After you answer your brother’s question, your brother shows you the following problem
from his homework and asks you if he’s correct:
𝟐𝟏 𝟑 𝟐𝟏 ÷ 𝟑 𝟕
÷ =
=
𝟒𝟎 𝟖 𝟒𝟎 ÷ 𝟖 𝟓
How would you respond keeping in mind the abstract algebra content you’ve been learning?

Comments about your response (please comment specifically on how this situation relates to
the concepts you’ve learned in abstract algebra and/or how the concepts might help you better
answer your brother’s understanding):
While you’re looking over your brother’s work, he says he figured out another way to
the do the problem and shows you the following:
𝟐𝟏 𝟑 𝟐𝟏 𝟏𝟓 𝟐𝟏 ÷ 𝟏𝟓 𝟐𝟏 ÷ 𝟏𝟓
𝟐𝟏 𝟕
÷ =
÷
=
=
= 𝟐𝟏 ÷ 𝟏𝟓 =
=
𝟒𝟎 𝟖 𝟒𝟎 𝟒𝟎 𝟒𝟎 ÷ 𝟒𝟎
𝟏
𝟏𝟓 𝟓
How would you respond to this work keeping in mind the abstract algebra content you’ve been
learning?

Comments about your response (please comment specifically on how this situation relates to
the concepts you’ve learned in abstract algebra and/or how the concepts might help you better
answer your brother’s understanding):

Implementation of warm up 5-2: Given 11/6/2019 (5 weeks later)
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Warm Up Activity 7
Suppose a pre-calculus student that you’re tutoring asked if it’s true that for any function 𝑓,
𝑓(𝑎 + 𝑏) = 𝑓(𝑎) + 𝑓(𝑏)? They explain that they just learned about function arithmetic in
class and they know that (𝑓 + 𝑔)(𝑎) = 𝑓(𝑎) + 𝑔(𝑎), but the student wasn’t sure if it’s also
true that
𝑓(𝑎 + 𝑏) = 𝑓(𝑎) + 𝑓(𝑏).
1. How would you respond to the student?

2. What kinds of assumptions are they making/which algebraic structure do you think
they’re working within?

3. In what ways does this relate to what you’ve been learning in abstract algebra (both the
student’s question and what the student learned in class about function arithmetic)? In
what ways could your understanding of abstract algebra help you respond to this
student?

Implementation of warm up 7: Given 10/28/2019 after a lecture about homomorphisms
(examples of them as well as facts about them)
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Warm Up Activity 8
How would you explain to a middle or high school student how to multiply (3𝑥 + 5) and
(7𝑥 − 1) (i.e. how would you explain how “FOIL” works)?

How does the abstract algebra material you’ve been learning help you explain this to the
student?

Implementation of warm up 8: Given 11/1/2019 after a lecture regarding polynomial rings
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APPENDIX H: Initial Abstract Algebra Instructor Interview Protocol
Remind the instructor that only my advisor and I will have access to the interview and that they
can stop the interview at any time or skip any of the questions.
Start the video recording.
1. How many years have you been teaching?
2. How many semesters have you taught this introductory abstract algebra course required of
preservice teachers (Math 761)?
3. What are your main research interests? In what ways do they impact what material or how
you present material to your abstract algebra courses (specifically Math 761)?
4. How many students do you typically have in your abstract algebra course (Math 761)?
5. How do you usually structure or teach abstract algebra? What does a typical day in your class
look like? What types of activities or teaching methods do you typically use?
6. What types of majors do you usually have in your abstract algebra course (mathematics
majors, mathematics education majors, etc.)? Which majors make up the majority of the
class?
7. In what ways does the student population impact the topics you choose to cover or how you
present the material?
8. What are your goals for your students (e.g. in terms of content, mathematics in general, proof
techniques)? Do you have any specific goals for preservice teachers?
9. What goals do you think your students have for themselves in the abstract algebra course?
What makes you think that?
10. Describe your experience with secondary mathematics (e.g. have you taught secondary
mathematics, worked with preservice teachers, worked on curriculum projects).
11. Given your knowledge of abstract algebra as well as secondary mathematics (grades 6th-12th),
what are some of the most important mathematical connections between abstract algebra and
secondary school mathematics for your students to make?
12. In what ways do you incorporate those connections into your course?
13. Describe your experience with preservice teachers in abstract algebra. Are they typically
engaged in the course? Do they seem to see the relevance or value of the course? What
makes you think that? Do they participate in office hours?
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14. Is there anything else you’d like to share with me regarding preservice teachers and making
connections to secondary school mathematics in abstract algebra?
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APPENDIX I: End of Semester Abstract Algebra Instructor Interview Protocol
Remind the instructor that only my advisor and I will have access to the interview and that they
can stop the interview at any time or skip any of the questions.
Start the video recording.
1. How typical was this semester of abstract algebra (types of students, class size, class
environment, participation of students, etc.)?
2. Did you meet your goals for the semester (both in terms of content covered and general
student goals)? Did your goals change at all throughout the semester based on the specific
students you had/interactions with the class?
3. In comparison to other semesters, did it seem like students made more connections to
secondary school mathematics? What evidence do you have of them making those
connections (e.g. asking questions or bringing up connections in class or in office hours)?
4. From your perspective, what activities or tasks seemed to be most successful in helping
students make connections to secondary school mathematics?
5. Did you see any evidence of a change in students’ learning or perceived relevance/value of
the abstract algebra course because students’ made connections to secondary school
mathematics?
6. What was your impression of the warm-up activities both from your perspective as the
instructor and what you think the students got out of them? Did you have a chance to look
through the warm-ups throughout the semester?
If yes, what were his thoughts on what the students said.
If no, does he plan on doing anything with the information moving forward?
7. What activities or tasks would you considering using in the future? Would you change the
way you used them? Do you have any ideas of how to improve any of the tasks?
8. I showed all of the participants the following linear equation and asked them to solve it
justifying each step and citing how they knew they were allowed to carry out each of the
steps. How would you solve this equation and in what ways does this connect to the abstract
algebra material? How would you envision future teachers using this knowledge of abstract
algebra in the secondary classroom in regards to this type of problem?
2
(3𝑥 + 14) + 12 = 23
7
9. Is there anything else you’d like to share with me about how the semester went or about
preservice teachers making connections to secondary school mathematics in abstract algebra?
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APPENDIX J: Initial Preservice Teacher Individual Interview Protocol
*Note: this is the template for the protocols I used, but each protocol was personalized based on
participants answers to first day questionnaire*
Remind the preservice teacher that only my advisor and I will have access to the interview and
that they may choose to skip any questions or stop the interview at any time. Start video
recording.
Cluster One Questions:
Note that for questions 1 – 3, I might ask follow-up questions to the participants’ initial
questionnaire answers in place of re-asking these particular questions.
1. Why are you enrolled in this course? Is it a required course? Why do you think it is required?
2. On a scale of 0 to 10, with 0 being not relevant/valuable at all and 10 being extremely
relevant/valuable, how relevant or valuable do you think abstract algebra will be for your
career as a middle or high school teacher? Ask the participant to explain their rating and
follow up with how they envision using the abstract algebra content in their teaching.
3. On a scale of 0 to 10, with 0 being not relevant/valuable at all and 10 being extremely
relevant/valuable, how relevant or valuable do you think abstract algebra will be for your
future studies in mathematics? Follow-up questions could be about what courses they think
abstract algebra will be helpful for (e.g. if they plan on taking Math 763 or going to graduate
school).
Cluster Two Questions:
1. What do you think you’re going to learn in abstract algebra?
2. How do you think this relates to what you’ll be teaching at the middle or high school level?
3. How would you find the solution to the following equation? Please justify or explain each
step. (Give the participant a piece of paper and pencil to work out the equation)
3
(𝑥 + 5) − 10 = 14
5
Cluster Three Questions:
1. What are your goals for the abstract algebra course this semester?
2. What do you expect from the instructor in terms of course structure? What do you think will
be expected of you in the course?
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3. Describe your study habits. Do you think you’ll go to office hours? Do you think you’ll work
with other students? What has your experience been like in other upper division mathematics
courses?
4. Is there anything else you’d like to share with me about your goals or expectations for the
abstract algebra course or how it might impact your future as a middle or high school
teacher?
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APPENDIX K: End of Semester Individual Preservice Teacher Interview Protocol
*Note: this is the template for the protocols I used, but each protocol was personalized based on
individual participants*
Remind the preservice teacher that only my advisor and I will have access to the interview and
that they may choose to skip any questions or stop the interview at any time. Start the video
recording.
Cluster One Questions:
1. Is Math 761 required for your major and/or minor? Why do you think it is required? Has
your perspective changed from the beginning of the semester? Please explain.
2. On a scale of 0 to 10, with 0 being not relevant/valuable at all and 10 being extremely
relevant/valuable, how relevant or valuable do you think abstract algebra will be for your
career as a middle or high school teacher? Ask the participant to explain their rating and
follow up with how they envision using the abstract algebra content in their teaching. Has
your perspective changed from the beginning of the semester? Please explain.
3. On a scale of 0 to 10, with 0 being not relevant/valuable at all and 10 being extremely
relevant/valuable, how relevance or valuable do you think abstract algebra will be for your
future studies in mathematics? Has your perspective changed from the beginning of the
semester? Please explain.
Cluster Two Questions:
1. What were some of the most important things you learned in abstract algebra, in terms of
content, mathematics in general, proof techniques, etc.?
2. In what ways will what you learned in abstract algebra impact your future teaching?
(Encourage them to give specific examples of how they envision using what they’ve learned)
If they mention specific mathematical connections between abstract algebra and secondary
school mathematics ask them what types of activities, warm-ups, assignments, or discussions
either in or outside of class helped them see those connections?
If they don’t mention specific mathematical connections, ask what part(s) of the course
helped them realize how they might use what they learned in their future teaching?
3. How would you solve the following equation? Please justify or explain each step. (Give the
participant a piece of paper and pencil to work out the equation)
2
(3𝑥 + 14) + 12 = 23
7
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Cluster Three Questions:
1. Did your goals change during the semester? If yes, why?
2. What do you think the instructor’s goals were for the course? How would you describe the
instructor’s expectations?
3. How would you describe your learning and your confidence during the semester (e.g. how
much do you feel you learned, what were some of the most important things you learned
either specific to abstract algebra or general mathematics, how did your confidence in doing
mathematics change throughout the semester)?
4. What do you think helped you the most in the course in terms of understanding the concepts
in abstract algebra (e.g. specific activities, going to office hours, reading the book)?
5. Describe your study habits. Did you go to office hours? Did you work with other students?
Was your experience in abstract algebra similar to your experience in other upper division
mathematics courses?
6. Is there anything else you’d like to share with me about how the semester went or thoughts
about abstract algebra?
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APPENDIX L: Graduate student initial and end of semester interview protocols
Graduate Student Initial Interview Protocol
Give the participant the consent form to sign. Remind the preservice teacher that only my advisor
and I will have access to the interview and that they may choose to skip any questions or stop the
interview at any time. Start video recording.
Cluster One Questions:
1. Describe your experience with abstract algebra (i.e. you mentioned you took abstract algebra
in your undergraduate studies; was it one course or multiple courses?).
2. On the first day questionnaire you mentioned that you previously taught secondary
mathematics; would you ever consider teaching at the level again?
3. On a scale of 0 to 10, with 0 being not relevant/valuable at all and 10 being extremely
relevant/valuable, how relevant or valuable was abstract algebra for your secondary
teaching? Would you give a different answer for how relevant the course is versus how
valuable it is? Ask the participant to explain their rating and follow up with how they
specifically used the abstract algebra content in their teaching.
Cluster Two Questions:
1. What do you think you’re going to learn in this abstract algebra course?
2. How does this relate to what you taught at the secondary level?
3. How would you find the solution to the following equation? Please justify or explain each
step. (Give the participant a piece of paper and pencil to work out the equation)
3
(𝑥 + 5) − 10 = 14
5
4. Can you explain your thoughts on warm up activity 1 from class (show student their warm up
response)? Did you ever get questions like these from students while teaching secondary
mathematics? If yes, how did you respond?
Cluster Three Questions:
1. What are your goals for the abstract algebra course this semester?
2. What do you expect from the instructor in terms of course structure? What do you think will
be expected of you in the course?
3. How does this course compare with your previous experience with abstract algebra?
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4. Describe your study habits. Do you think you’ll go to office hours? Do you think you’ll work
with other students? What has your experience been like in other upper division mathematics
courses?
5. Is there anything else you’d like to share with me about your goals or expectations for the
abstract algebra course or how it might impact your future as a middle or high school
teacher?

Graduate Student End of Semester Interview Protocol
Remind the preservice teacher that only my advisor and I will have access to the interview and
that they may choose to skip any questions or stop the interview at any time. Start video
recording.
Cluster One Questions:
1. On a scale of 0 to 10, with 0 being not relevant/valuable at all and 10 being extremely
relevant/valuable, how relevant or valuable was abstract algebra for your secondary
teaching? Would you give a different answer for how relevant the course is versus how
valuable it is? Ask the participant to explain their rating and follow up with how they
specifically used the abstract algebra content in their teaching. Has your perspective changed
on this over the course of the semester? If so, what changed it?
Cluster Two Questions:
1. What were some of the most important things you learned in abstract algebra, in terms of
content, mathematics in general, proof techniques, etc.? How would you define abstract
algebra? How did this course end up comparing to your undergraduate course?
2. In what ways will what you learned in abstract algebra impact your future teaching?
(Encourage them to give specific examples of how they envision using what they’ve learned)
If they mention specific mathematical connections between abstract algebra and secondary
school mathematics ask them what types of activities, warm-ups, assignments, or discussions
either in or outside of class helped them see those connections?
If they don’t mention specific mathematical connections, ask what part(s) of the course
helped them realize how they might use what they learned in their future teaching?

3. How would you solve the following equation? Please justify or explain each step. (Give the
participant a piece of paper and pencil to work out the equation)
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2
(3𝑥 + 14) + 12 = 23
7
Remind them of the expansion we did in the group interview with the example of x+7 = 10
and ask them again how they would envision using that in their future teaching?
4. Give student warm-ups 2-2 and 3-2 to do. Ask them to talk through the warm-ups and share
any comments.

5. What were your thoughts on the warm-up activities?
a. Show the student copies of other warm-ups and ask if they have any comments on any of
them?
b. Specifically discuss the warm-up activities that have been done twice.
c. Ask about how the group interview went/impacted their point of views.
d. Opinion about when the warm-ups were given (beginning, middle, end and why).
Cluster Three Questions:
1. Did your goals change throughout the semester? Why did they change?
2. What do you think the instructor’s goals were for the course? What did they seem to expect
of you?
3. What do you think helped you the most in terms of learning in abstract algebra (e.g. specific
activities, going to office hours, reading the book)?
4. What did your study habits look like? Did you go to office hours? Did you work with other
students? Was your experience in abstract algebra similar to your experience in other upper
division mathematics courses?
5. Is there anything else you’d like to share with me about how the semester went or thoughts
about abstract algebra?
6. If they are taking Math 763, could I contact them about doing one more interview at the end
of next semester?
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APPENDIX M: Preservice teacher group interview protocol
*Note: this was my guide for the interview, but time only allowed for us to discuss questions 1-3,
and 7*
Group Interview Protocol
Tuesday 10/29/2019 6:30 – 7:30 pm
Remind the preservice teacher that only my advisor and I will have access to the interview and
that they may choose to skip any questions or stop the interview at any time. Start video
recording.
Discussion questions:
1. What are your general thoughts on the warm up activities? (e.g. are they difficult, are
they things you’ve thought about before, are they helpful, do they make you think about
how the abstract algebra material is building off of mathematics you already know, what
types of things do they make you think about?)
a. What do you think the purpose of these activities is?
b. Many of you mentioned in the comments section of the warm ups that the
situations represent things you have just memorized over the years and know to
be true so trying to explain why the mathematics works has been tricky. Where do
you think you’ll learn or find the reasoning behind these situations?
c. Do you think about the situations throughout the abstract algebra course?
2. Give students copies of their warm up activities. Ask them to discuss each warm up
activity. Use discussion questions as a guide, but let students know that they can share
thoughts/ideas beyond answering the questions:
a. Warm up 1 and 1-2: For the first warm up activity, you have seen it twice now.
What were your thoughts when you saw it again? In what ways does this situation
of a middle school student wanting to understand why a negative number times a
negative number is a positive number relate to abstract algebra? (encourage
Nicole to discuss her solution to warm up 1-2)
b. Warm up 2: In warm up activity 2 you were asked to solve a system of linear
equations showing not only your work, but also citing properties/explaining how
you knew your work is valid. What kinds of properties or justifications did you
use? In what ways has that related to the abstract algebra material?
c. Warm up 3: In warm up activity 3 you explained to a 7th grade student why you
cannot divide by 0 and many of you used a concrete example to illustrate this
concept. In what ways does the abstract algebra material deepen your
understanding of this?
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d. Warm up 4: In warm up activity 4 you were shown a high school students’ work
that claimed that if (𝑥 + 2)(𝑥 − 3) = 6, then either 𝑥 + 2 = 6 or 𝑥 − 3 = 6.
What number system/algebraic structure do you think the students is probably
working in? Is it correct in that number system/algebraic structure? Is there any
number system/algebraic structure that you’ve discussed in abstract algebra where
their work would be correct?
e. Warm up 5: How would you explain to your sibling why you need a common
denominator when adding/subtracting fractions but not when multiplying or
dividing? Why does his strategy of just dividing the numerators and dividing the
denominators work? How does it compare to the traditional algorithm of
multiplying by the reciprocal? Can you make a common denominator when
multiplying/dividing? Will that give you the wrong answer? In what ways does
this relate to the abstract algebra material?
Does this relate to the problem set 3 question 1 (In previous work we determined
that it was possible to think of the rational numbers as equivalence classes ℚ =
{[(𝑎, 𝑏)]~ | 𝑎, 𝑏 ∈ ℤ, 𝑏 ≠ 0}, where (𝑎, 𝑏)~(𝑐, 𝑑) ⇔ 𝑎𝑑 = 𝑏𝑐. This problem
asserts that this interpretation is compatible with rational number arithmetic.
Prove that each of the following is a well-defined operation on the above set of
equivalence classes (a) [(𝑎, 𝑏)] ⊕ [(𝑐, 𝑑)] = [(𝑎𝑑 + 𝑏𝑐, 𝑏𝑑)]
(b) [(𝑎, 𝑏)] ⊙ [(𝑐, 𝑑)] = [(𝑎𝑐, 𝑏𝑑)])?
f. Warm up 6: In warm up activity 6 you were asked how you would analyze a
1
students’ claim that 𝑓 −1 (𝑥) =
when 𝑓(𝑥) = 4𝑥 + 7. What do you think the
4𝑥+7
student understands and/or doesn’t understand? In what ways does this relate to
the abstract algebra material?
g. Warm up 7: Ask students to share some of their ideas for how to respond to the
student who is asking if (𝑓 + 𝑔)(𝑎) = 𝑓(𝑎) + 𝑔(𝑎) then is it also true that
𝑓(𝑎 + 𝑏) = 𝑓(𝑎) + 𝑓(𝑏). What assumptions is the student making/what algebraic
structure do you think the student is working in? How does this relate to what
you’ve been learning in abstract algebra? Why would this important if you end up
teaching middle or high school students in the future?
3. As a group, how would you describe or define what abstract algebra is based on your
understanding of the course so far?
4. How would you solve 𝑥 + 7 = 10? As a group, discuss how you could rigorously
show/justify every step. After they’ve discussed, depending on what they come up with,
give them the following to justify each step:
(𝑥 + 7) + (−7) = 10 + (−7)
𝑥 + (7 + (−7)) = 10 + (−7)
𝑥 + 0 = 10 + (−7)
𝑥 = 10 + (−7)
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𝑥=3
What is useful about thinking about these properties/justifications with teaching students
mathematics in the future? (e.g. is it useful because you’re going to show students this
kind of justification? In what ways does thinking about it this way help you understand
the material? In what ways does this understanding help you explain concepts to students
in the context of this particular example?)
5. Are there any problem set problems or practice problems that have helped you see a
relationship between abstract algebra and middle or high school mathematics?
6. As a group, pick a secondary mathematics topic (see secondary curricular topics from
Suominen) that relates to the abstract algebra material you’ve been learning and talk
about how you might design a single lesson (or a part of a lesson such as a warm up or
worksheet or a few example problems you would present) using your abstract algebra
knowledge to inform your planning.
7. Any last comments or thoughts that anyone would like to share?
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APPENDIX N: Follow-up interview protocols
*Note: these are the templates for the protocols I used, but each protocol was personalized based
on individual participants*
Prospective Teacher Follow Up Interview Protocol
Not Taking Abstract Algebra/Taking Education Course Spring 2020
Remind the preservice teacher that only my advisor and I will have access to the interview and
that they may choose to skip any questions or stop the interview at any time.
Cluster One Questions:
1. Have your plans for after graduation changed at all? If yes, please describe.
2. Please describe the education/mathematics education course you are taking this semester
(either Education 500 or Math 709 – depending on the participant).
3. Now that you’ve taken abstract algebra and had some experience in an education course, why
do you think abstract algebra is a required course for future secondary mathematics teachers?
4. If you decide to become a middle or high school math teacher, how relevant or valuable do
you think abstract algebra will be on a scale of 0 to 10 for your teaching? Would you give a
different answer for how relevant the course is versus how valuable it is? Ask the participant
to explain their rating and follow up with how they envision using the abstract algebra
content in their teaching. Has your perspective changed since our last interview? If so, what
changed it?
Cluster Two Questions:
1. Looking back, what were some of the most important things you learned in abstract algebra?
2. In what ways do you think what you learned in abstract algebra will impact your future
teaching? (Encourage them to give specific examples of how they envision using what
they’ve learned) How has this changed since our last interview? Have you seen anything in
your work with secondary mathematics curriculum in your education class that has reminded
you of the abstract algebra material?
3. How would you solve the following equation? Please justify or explain each step. (Give the
participant a piece of paper and pencil to work out the equation)
2
(3𝑥 + 18) + 17 = 34
9
Remind them of the expansion we did in the group interview with the example of x+7 = 10
and ask them again how they would envision using that in their future teaching?
208

4. Have your thoughts on the warm-up activities from last semester changed at all? Has
anything come up in your experience with secondary school mathematics that has reminded
you of any of those activities?
5. Is there anything else you’d like to share with me about how the semester went or thoughts
about abstract algebra and secondary school mathematics?

Prospective Teacher Follow Up Interview Protocol
Taking Abstract Algebra Course Spring 2020
Remind the preservice teacher that only my advisor and I will have access to the interview and
that they may choose to skip any questions or stop the interview at any time.
Cluster One Questions:
1. Have your plans for after graduation changed at all? If yes, please describe.
2. Please describe how the Math 761/763 course is set up (i.e. do you still have problem sets,
practice problems, warm-ups, etc.).
3. Does the instructor talk about secondary school mathematics at all this semester? If yes, ask
follow-up question about what and how the instructor talks about the subject.
4. Now that you’re almost done with your second semester of abstract algebra, why do you
think abstract algebra is a required course for future secondary mathematics teachers?
5. If you decide to become a middle or high school math teacher, how relevant or valuable do
you think abstract algebra will be on a scale of 0 to 10 for your teaching? Would you give a
different answer for how relevant the course is versus how valuable it is? Ask the participant
to explain their rating and follow up with how they envision using the abstract algebra
content in their teaching. Has your perspective changed since our last interview? If so, what
changed it?
Cluster Two Questions:
1. Looking back, what were some of the most important things you learned in abstract algebra?
2. In what ways do you think what you learned in abstract algebra will impact your future
teaching? (Encourage them to give specific examples of how they envision using what
they’ve learned) How has this changed since our last interview?
3. How would you solve the following equation? Please justify or explain each step. (Give the
participant a piece of paper and pencil to work out the equation)
2
(3𝑥 + 18) + 17 = 34
9
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Remind them of the expansion we did in the group interview with the example of x+7 = 10
and ask them again how they would envision using that in their future teaching?
4. Have your thoughts on the warm-up activities from last semester changed at all? Has
anything come up in Math 761/763 this semester that has reminded you of any of those
activities?
Cluster Three Questions:
1. What were your goals for this semester? How were they similar or different to your goals last
semester?
2. What do you think the instructor’s goals were for the course this semester? What did they
seem to expect of you?
3. What do you think helped you the most in terms of learning in abstract algebra (e.g. specific
activities, going to office hours, reading the book)? How did this compare to last semester?
4. What did your study habits look like? Did you go to office hours? Did you work with other
students? Was your experience in abstract algebra similar to your experience in other upper
division mathematics courses?
5. Is there anything else you’d like to share with me about how the semester went or thoughts
about abstract algebra and secondary school mathematics?

Graduate Student Follow Up Interview Protocol
Remind the participant that only my advisor and I will have access to the interview and that they
may choose to skip any questions or stop the interview at any time. Start video recording.
4. Could you describe how the Math 863 course is set up (i.e. do you still have problem sets,
practice problems, warm-ups, etc.)?
5. Does Professor Hinson talk about secondary school mathematics at all this semester? If yes,
ask follow-up question about what and how he talks about the subject.
6. How did the material that you’ve learned this semester relate to teaching secondary school
mathematics?
7. Since our last interview, have you thought of additional or different ways that abstract
algebra content might impact future teachers?
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8. How would you solve the following equation? Please justify or explain each step. (Give the
participant a piece of paper and pencil to work out the equation)
2
(3𝑥 + 18) + 17 = 34
9
9. Is there anything else you’d like to share with me about your thoughts about abstract algebra
and secondary school mathematics?
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APPENDIX O: Participant Interview Schedule
Interview

Initial
(Individual)
Interviews

Group Interview

End of Semester
(Individual)
Interviews

Follow-Up
(Individual,
Zoom) Interviews

Participant(s)
Professor Smith
Michelle
Danielle
Van
Beth
Scott
Sammy
Lindsay
Michelle
Danielle
Van
Scott
Sammy
Beth
Danielle
Michelle
Scott
Sammy
Lindsay
Van
Professor Smith
Beth
Sammy
Scott
Van
Michelle
Lindsay
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Date of Interview
9/4/2019
9/5/2019
9/6/2019
9/9/2019
9/27/2019

10/29/2019

12/5/2019
12/6/2019
12/9/2019
12/11/2019
12/13/2019
12/16/2019
4/27/2020
5/1/2020
5/12/2020
5/14/2020

APPENDIX P: IRB Approval and Modifications
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